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1 Introduction

The language PSL [1] is a temporal logic standardized by the Accellera standards organization and
currently undergoing the process of becoming an IEEE standard. The core of PSL, denoted here
LTL_WR, is an extension of the linear temporal logic LTL. The extension takes two orthogonal di-
rections. In one direction the logic is interpreted over finite, possibly truncated, as well as infinite
words. Truncated words are words that are finite, but not necessarily maximal. Reasoning over
truncated words (as well as maximal words) is important for incomplete verification methods such
as simulation and bounded model checking as well as for supporting abort/reset operators [7]. In
another direction, new basic formulas and operators are added to the language. The new basic
formulas are weak and strong regular expressions [6], and the new operators are suffix conjunc-
tion/implication that combine regular expressions with other formulas.

In this document we provide automata construction for LTL_WR. We show that for every
LTL_WR formula ¢ there exists a Buchi automaton whose size is exponential in the size of . In
addition, we classify the complexity of model checking simple properties of the regular expression
layer. The suggested constructions can be used in the process of model checking PSL properties
using the automata-theoretic approach.

A construction for a logic extending LTL with suffix conjuction/implication operators, inter-
preted over infinite words appears in [9]. A construction for a logic extending LTL with suffix
conjunction/implication operators, interpreted over finite/infinite maximal words appears in [10].
A construction for reasoning over truncated words, via reset operators appears in [2]. Our con-
tribution is twofold. First, we are the first to show a construction for weak regular expressions.

*The work of this author was supported in part by the European Commission (FP6 STREP PROSYD contract no.
507219) and carried out at the John von-Neumann Minerva Center for the Verification of Reactive Systems.



Second, we are the first to show a complete construction for LTL_WR, synthesizing previous results
into a cohesive whole.

2 Preliminaries

2.1 The Logic

Below we provide a formal definition of the temporal logic LTL_WR, an extension of LTL with
weak and strong REs and a suffix conjunction/implication operator, interpreted over finite (possibly
truncated) as well as infinite words.

Notations

We denote a letter from a given alphabet > by ¢ and an empty, finite, or infinite word from X by u,
v, or w (possibly with subscripts). The concatenation of u and v is denoted by wv. If w is infinite,
then uv = u. The empty word is denoted by ¢, so that we = ew = w. If w = uv we say that v is a
prefix of w, denoted v < w, that v is a suffix of w, and that w is an extension of u, denoted w > u.

We denote the length of word v as |v|. The empty word € has length 0, a finite word v =
(lol1ly - - - £,,) has length n+ 1, and an infinite word has length w. We use 4, j, and k to denote non-
negative integers. For i < |v| we use v’ to denote the (i + 1) letter of v (since counting of letters
starts at zero), and we denote by v*- the suffix of v starting at v*. When i < j < |v|, we denote by
v*J the finite sequence of letters starting from v’ and ending in v’. That is, v/ = v'v'T!. .. 97,

We denote by ¢* the word of length k, each letter of which is ¢, and by ¢ the infinite-length
word, each letter of which is /. We use X* to denote the set of all finite words over X, and X% to
denote the set of all infinite words over >. We use >*° to denote the set of all finite and infinite
words over Y.

An unlabeled tree is a prefix-closed subset of N*. Elements of the tree are referred to as nodes.
For anode t € N* we refer to |¢| as the depth of t. The node ¢ is called the root. For nodes ¢; and ¢,
such that t; < t, we say that ¢ is a descendant of t,. If t, is a descendant of ¢; and [to| = [t1| + 1
we say that ¢ is a child of t;. A X-labeled tree T is a pair (T, t) where T is an unlabeled tree and
t : T — X maps nodes of T to symbols in .

Syntax

The logic LTL_WR is defined over boolean expressions as well as regular expressions. We assume
a given set B of boolean expressions defined over a set P of atomic propositions. Below we
define Regular Expressions (REs) using -, U, and * for concatenation, union and Kleene-closure,
respectively.

Definition 1 (RES)



— Every boolean expression b € B is an RE.

— Ifr, vy and r9 are REs, then the following are REs: o1y -15 er;Ury er
Definition 2 (LTL_WR formulas)

— Ifbis a boolean expression then b\ is an LTL formula.

— If ¢ and 1) are LTL_WR formulas, and r is an RE, then the following are LTL_WR formulas:

e epAY e Xlp efpUy] er—p er

Additional operators are defined as syntactic sugaring of the above operators:

coVYEa(pny) e lpWyl L SmpU(e Ay e X E (Xl —p)
o 71 ¥ Otrue o i— o =(r O——p) o —(=b)!

We refer to the operators ! and r as strong and weak regular expressions, respectively. We refer
to the {— operator as the suffix conjunction operator, since r $— (read r “suffix-and” ) demands
that there exist a non-empty prefix of the path tightly satisfying r and that the suffix starting at the
last letter of the prefix satisfy ¢. We refer to its dual, the — operator, as the suffix implication
operator, since r— (read r “suffix-implies” ) requires that if there exists a non-empty prefix of
the path tightly satisfying r then the suffix starting at the last letter of the prefix should satisfy ¢.
The operator {>— exists in the temporal logic ForSpec [3] under the names follows_by and seq.
The operator — exists in the temporal logic Sugar [4] under the notation 7(¢). These operators
are essentially the “diamond” and “box” modalities of PDL [8], respectively.

Semantics

The semantics of LTL_WR is defined with respect to a non-empty set of atomic propositions P, a
set of boolean expressions B over P, which we identify with 922" and the set of regular expressions
over B.

Although we are interested in the set of words over 2F which satisfy a given LTL_WR formula,
it is convenient to define the semantics of LTL_WR over an enhanced set of words. Let X denote
the alphabet 2" U{T, L }. The semantics of LTL_WR is defined with respect to words over ¥. Note,
however, that since computations of systems are words over 2¥, our interest is still focused on such
words. We refer to words over 2F as natural words. We use w to denote the word obtained by
replacing every T with a L and vice versa. We call w the dual of w. For a set of word W we use
W to denote the set {w | w € W}.

The semantics of LTL_WR 1is defined inductively with respect to finite/infinite (possibly empty)
words over Y., using as the base case the semantics of boolean expressions over letters in >
and of regular expressions over finite words over .. We use Ik, , £ and |5 to denote boolean
satisfaction, tight satisfaction, and formula satisfaction, respectively.

For a boolean expression b € B and a letter ¢ € 3 we define the boolean satisfaction relation
k., as follows. Let b € B. For / € 2%, we define {15, b <= ¢ € b. We define Tk, band L I b.

PSL PSL PSL



Definition 3 (RE Tight Satisfaction) Let v denote a finite (possibly empty) word over 3.; b denote
a boolean expression; and r, r1, and ro denote REs. The notation v IEPSLT means that v tightly
satisfies v. The relation £ is defined as follows:

e vE b<=|v|=1and "k b

PSL

e vE Ty = T, vy st v =vvpand vy | T and vy E T
PSL Ps

) ’U'E TlUTQ@UELrlorU'EPSLTQ

o v E 1" = eitherv=ecor3v,vyst v #ev=uvv £ randvy E, 17
For a regular expression r, we use S(r) to denote the set {w € ¥* |w E_ 7}
PSL

Definition 4 (Formula Satisfaction) Let v denote a word over X; b a boolean expression; r an
RE; and p and 1) LTL_WR formulas. The notation v |5, p means that v satisfies . The relation =,
is defined as follows:!

~

v, V= v >0and kb
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v, Xl <= |v]| > Tland v |, ¢

W
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6. v, T =Y <= 30<j < st E rand v 5 Y

N

VR, T — Vﬁnlte u = v, ul? ):PSL r!

For an LTL_WR formula ¢, we use [[¢] to denote the set {w € ¥ |w |5, ¢}.

2.2 Automata-Theoretic Approach

We recall some basic notions from automata theory. Since LTL_WR is interpreted over finite as well
as infinite words, we use a version of Buichi automata that accepts both finite and infinite words.

Definition 5 (Buchi automaton) A Biichi automaton over finite/infinite words is a tuple B =
(3,8,1,p, F, A) where

e ). is a finite nonempty alphabet

'The semantics of the LTL operators are the standard ones. The operators of LTL are all the operators in definition 2
except for — and r.



S is a finite nonempty set of states

e [ C S is a nonempty set of initial states
e p: S x ¥ — 2%is a transition function
e F' C S isa set of final states

o A C Sis a set of accepting states

We often regard p as arelation p C .S x ¥ x .S. A run o of B on an infinite word w = {yl; . . .
is an infinite sequence g, s1, ... where so € [ and s;,1 € p(s;,¢;) foralli > 0. A run o of B on
a finite word w = {y/; .../, is a finite sequence sq, S1, - - . , Sp,+1 Where sg € I and either w = € or
Siy1 € p(s;, 4;) forall 0 < ¢ < n. We define by lim(o) the set {s | s = s; for infinitely many ¢’s }.
An infinite run is accepting if there is some accepting state that repeats infinitely often, i.e. if
lim(o) N A # 0. A finite run is accepting if the last state is a final state, i.e. if s, € F. The word
w is accepted by B if there is an accepting run of B on w. We denote by £(B) the set of words w
such that there exists an accepting run of B on w. For s € S we use B? to denote the automaton
(3,8, {s},p, F, A).

Definition 6 (Alternating Buchi automaton) An Alternating Biichi automaton over finite/infinite
words is a tuple B = (X, S, {so}, p, F, A) where

e ). is a finite nonempty alphabet
e S is a finite nonempty set of states

sY € S is the initial state.

p: S XX — BF(S)is a transition function where B*(S) is the set of boolean formulas
obtained by application of \ and V to element in S. >

o [ C S is a set of final states

e A C Sis a set of accepting states

A run of B on an infinite word w = (o/; . .. is a (possibly infinite) S-labeled tree 7 = (T, t)
such that t (¢) = s" and for every node ¢ € 7, ¢ has at most |.S| children and, if [¢| = i and t () = s,
then the children of ¢ satisfy p(s,¢;) (i.e. if t1,...,t; are t’s children then {t(¢y),...,t(tx)}
satisfies p(s, ¢;)). A run of B on a finite word w = (/. .. ¢, is a finite S-labeled tree 7 = (T, t)
such that t (¢) = s° and for every node ¢ € 7, t has at most |S| children and, if [t| = i < n and
t(t) = s, then the children of ¢ satisfy p(s,¢;). If w is infinite, then a run tree 7 is accepting if
every branch of infinite depth has infinitely many labels in A. If w is finite, then a run tree 7 is
accepting if all nodes at depth |w| are labeled by states in F'. The word w is accepted by B if there
is an accepting run tree of B on w. We denote by L(B) the set of words w such that there exists
an accepting run tree of B on w.

2We assume true and false are in B (s).



Proposition 2.1 Let A be an alternating Biichi automaton on finite/infinite words with n states.
There exists a Biichi automaton B on finite/infinite words with 2°™ states that accepts the same
language.

Proof: The proof follows the construction of Miyano and Hayashi [11] for the same proposi-
tion restricted to infinite words. Let B = (X,5,{s¢},0, F', A) be an alternating Biichi automa-
ton on finite/infinite words. We define the Biichi automaton (on finite/infinite words) B,, =
(3, Sny {{s0}, {50} \ A)}, 6n, Fuy As) as follows:

e S, C 29 x 29is the set of consistent pairs with respect to B, where a pair (Q, P) € 25 x 27
is said to be consistent with respect to B if P C @ \ A.

o (Q,P)isiné,((Q, P),0)iff Q'|F A,cqd(s, o) and either:
- P=0and P"=Q"\ Aor
— P # () and there exists aset Y C @' such that Y= A p0(s,0),and P =Y \ A.

o F, ={(Q,P)eS,|QCF}.
e A, ={(Q,P)€S,| P =0}

Following [11], we have that for every infinite word w, w € L(B) iff w € L(B,). Thus, we
need to prove the following lemma:

Lemma 2.2 Let w be a finite word. Then w € L(B) iff w € L(B,,).

Proof: First direction: Let w be a finite word in £(B). We prove that w € L(B,,). Let T =

(T, t) be an accepting running tree of B on w. We define a running trace (Qo, Fp), (Q1, P1), - -

such that Q); = {s | t(t) = sforsome ¢t € 7 with |[t| = i}, and P, = @); \ A. We prove that
this trace is an accepting running trace of 3,, on w.

— Since t(e) = sg, we have that (Qo, Py) = ({so}, {so} \ A) which is the initial state of
B,.

— Let s € Q; for i < |w|. Then, there exists a node ¢ of 7 such that t(¢t) = s and
[t| = i. Let X = {t(¢') | ' is a child of t}. Then, X|= d(s,w’) and X C Q;,1, thus
Qir1|F 0(s,w?). This implies that for every s € Q; we have that Q. |F (s, w’).
Since P; C @);, we can always select Y = @Q;4 and P,y = Y \ A. Then for every
s € P, Y|E §(w,w"). Thus, we have that (Q;;1, Piy1) € 6,((Qi, P,)).

— Since 7 is accepting, every branch of 7 of depth |w| ends in a node ¢ such that t(t) € F.
This implies that every state s € Q|| is in F'. Thus, (Q|, Pu|) € Fn.

Second direction: Let (Qo, ), (Q1, P1), - .. (Qju|, Pw|) be an accepting running trace of
B, on w. We define a tree 7 = (T,t) such that t(¢) = so and every node ¢ such that
|t| =i < |w]| has |Q;41| children such that for every s € @41 the node ¢ has a child ¢ with
t(t') = s. We prove that 7 is an accepting tree of B on w.

6
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— S is the initial state of B.

— Let t be a node of 7 such that |{| = i for i < |w|. Let t(t) = s. Then, s € @, and the
definition of d,, implies that Q; 1| (s, w"). Since Q;11 = {t(¢') | ¢ is a child of ¢},
we have that {t(¢') | ¢’ is a child of ¢}|= (¢ (¢), w’).

— Since Q| € F,, we have that every branch of 7 of depth |w| ends in a node ¢ such that
t(t) € F.

UJ

This completes the proof of the proposition. UJ

As a measure of efficiency we use the classification of Buchi automata as suggested by Muller
et al. [12] and adopted by [5]. The classification uses the notion of a weak Buchi automaton and a
terminal Buichi automaton.> As stated by the claim below, weak and terminal Biichi automata are
especially efficient to model check.

Definition 7 (weak, terminal (see e.g [5])) Ler B = (X, S, I, p, I, A) be a Biichi automaton.

e B is a weak Buichi automaton if there exists a partition of the set of states S into components
S; and a partial ordering < on these sets, such that

1. foreach s; € S;, s; € S;, if W € ¥s.t. sj € p(s;, L) then S; < S;, and

2. for each S, either S; N A = (), in which case S; is a rejecting component, or S; C A,
in which case S; is an accepting component.

e B is a terminal Buchi automaton if it is a weak Biichi automaton such that the components
of the partition contained in A are maximal elements of the partial order.

Claim 2.3 (see e.g [5]) Let B = (X, 5,1, p, I, A) be a Biichi automaton.

e The language of a weak Biichi automaton is empty iff AG AF - A

e The language of a terminal Biichi automaton is empty iff AG —A

3 Constructions and Proofs

Below we provide an automata-theoretic approach to the verification problem of LTL_WR formulas.

*Note that the term weak used for a Biichi automaton has nothing to do with the term weak used for REs. We
apologize for the potential confusion.



3.1 Automata construction for LTL over finite as well as infinite words

Since we are interested in finite as well as infinite words, we check first that the well-known singly-
exponential complexity for constructing a Buchi automaton for the w-language of an LTL formula
still applies when the automaton runs on both finite and infinite words.

We follow the construction of an alternating Buchi automaton for an LTL formula ¢ as given in
[13, Theorem 22]. Our construction differs from that of [13] in several ways.

1. Our automaton is designed to run on both finite and infinite words, while that of [13] is only
for infinite words. Some care is needed to handle the nexttime operators on finite words
since the semantics looks ahead in order to know whether the condition |w| > 1 is satisfied.
Our construction uses a simple subautomaton to distinguish nonempty from empty words.

2. The construction of [13] introduces an automaton state for each subformula and its negation
and relies on a dualization operator in the definition of the transition relation. We achieve a
similar effect by including only subformulas and using a negation parity bit in the state. The
negation parity of a subformula indicates the number of enclosing negations, modulo 2. Our
construction gives the dual forms of the transition relation explicitly rather than relying on
the dualizing operator.

3. Our construction works over the extended alphabet % = 2P U {T, L}. This is accomplished
simply by using the dual ¢ of the input letter £ when testing boolean satisfaction for the
transition relation on a boolean subformula with negation parity 1.

Proposition 3.1 Given an LTL formula ¢, one can build an alternating Biichi automaton B, =
(X,8,1,p, F, A) where |S| is in O(|¢|) and L(B,) is exactly the set of (finite and infinite) words
satisfying the formula .

Proof: Let ¢ be an LTL formula. Let S be the set of pairs (p, 1)) where either ¢ is a subformula
of ¢ or ¢ € {TRUE, FALSE, NONEMPTY}, and p € {0, 1} denotes the negation parity, with p = 1
indicating an odd number of enclosing negations. The initial state is (0, ).

The set A of accepting states is produced by the following rules:

1. A contains all states of the form:
(1, NONEMPTY), (0, TRUE), (1, FALSE) (1, b!), (1, Xl), (1, [ Ud)]).
2. (p,~) € Aiff (1 —p,v) € A

- (p
3. (0,4 A9) € Aiff both (0,7)) € Aand (0,9) € A.
(1,9 A9) € Aiffeither (1,7) € Aor (1,7) € A.

The set F' of final states is equal to A.
The transition relation p is defined as follows:

e p((p, NONEMPTY), {) = (p, TRUE)



p((p, TRUE), () = (p, TRUE)

p((p, FALSE), ¢) = (p, FALSE)

p((0,0),0) = (0, LK, b)

p((lvb!)vo = (17Z‘ESL b)

p((0,9 AD), ) = p((0,4),€) A p((0,7), £)

p((1, ¢ AD), ) = p((1,4),€) vV p((1,7), £)

P((Oaﬂ#)a@ = p((law)7€>

p((1, =), €) = p((0,%), 1)

p((0, X)), £) = (0, NONEMPTY) A (0, )

p((1, X)), ¢) = (1, NONEMPTY) V (1,)

p((0, [PUY]), €) = p((0,9),£) v (p((0, ), ) A (0, [ UD)))
p((1, [pUD]), £) = p((1,9), ) A (p((1,9), £) V (1, [ Ud]))

Lemma 3.2 If 1) is a subformula of ¢, let APY) denote the subautomaton of this construc-
tion obtained by taking (p, ) as initial state.

1 L(AO) = [y].
2. LAWY = 3 — ] = [-].

Proof: By induction over the subformulas of ¢. Note that for any L. C >*°,

N - L=3%%_—-1

Note also that for any 1),

Let v, w denote elements of >>°.

_ L(AONONEMPTY)) _ £ 1y 0},
E(A (1, NONEMPTY)) {6}
— L(AOM)
= [(0, b!) is not accepting]
{lw : Lk, b}
~ b
ﬁ(A(l’b!))
= [(1,b!) is accepting]
{ed U {tw: (., b}



= X% - [v]
=[]

= ¥ -]

= [induction]
L(AG))

= L(AO)

L(AL))

= L(AO¥)

= [induction]

[¥]

= =~ ]
- [¥ A 9]
[ 9]

[induction]

[,(A(W)) N E(A(w))
= L(AOPN))

L(ATAD))

LIAUD) U £(A0D)

[induction]

_ £(A0Xl)
— [(0, X)) is not accepting; £(ACNONEMPTY)y — 14, 15| > 1]
{tw : |w| > 0and w € L{AO¥))}

= [induction]
{fw: |w| > 0and w € [¢]}

= {v:|v| > Land v |5, ¥}
= [XW]
ﬁ(A(l,X'¢)>

— [(1,Xly) is accepting; £L(ANNONEMPTY)) _ r.1]
{v:|v]| <lorv' € LAY}

= [induction]
{v:jv| <lorv! €[]}

= {v:|v| <lord™ K, ¥}
= ZOO — {U : |’U| > 1 and Ul" ):PSL w}
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— [XW]
~Letv € L(AOPUMY Suppose v ¢ L(AO?). Then v € L£(AO) and, since
v| > 0and v'- € L(A(O’W’Uﬁ])). Thus,

(0, [U4]) is not accepting,
v e LA 0.wUs) D)
= v e LA or (v € L(ACY)) and |v| > 0 and v~ € ﬁ(A(O,[wU§])))
<= [induction]
v, Yor (v, ¢ and |v| > 0and v € L(AC [wUﬁ])))

If there does not exist 0 < k < |v| such that v* |5, o, then, since (0, [¢Ud]) is not
accepting, there is no accepting run of A0 U o 4. Therefore,

v e LAORUD)
<= there exists 0 < k < |v| such that v* |, ¥ and forall 0 < j < k, v’ |5, ¢
— v |, [YUY]

v e L(AnRUMN)

— ve L(AM) and (v € L(ADD) or v € L(ALEUD)Y)
— [induction]
= —Wand (v |5, «porve LAl (1,pUw)) DY)
Smce (1, [Ud)) is accepting, there need not exist 0 < k < |v| such that v* €
[=¢]). Thus,

v e L(AnRUM)
— v, IW(— A D)
<= [duality of U, W over X]
. [P UY]

This completes the proof of the proposition.
L]

Corollary 3.3 Given an LTL formula ¢, one can build a Biichi automaton B, = (X, 5,1, p, F, A)
where |S| is in 2°U¢) and L(B,) is exactly the set of (finite and infinite) words satisfying the
Sformula .

Proof: Follows directly from Propositions 3.1 and 2.1. UJ

11



3.2 Automata Construction for LTL_WR

In this section we extend the construction of automata for LTL (over finite as well as infinite words)
given in the previous section to all of LTL_WR. Recall from Definition 2 that the LTL_WR formulas
are generated from the LTL formulas by adding the basic form r, where r is a regular expression,
and the inductive form r (¢, where r is a regular expression and ¢ is an LTL_WR formula. Thus,
the construction of Proposition 3.1 needs to be extended to handle each of these forms under both
negation parities.

First we construct a non-deterministic finite automata on finite words (NFA) that recognizes
tight satisfaction ( £ ) and a Biichi automata that recognizes weak RE satisfaction. Then we
provide the overall construction for LTL_WR.

Proposition 3.4 Let r be an RE. There exists an NFA N, with O(|r|) states such that
wE <= we L(N,)

Proof: We inductively define an NFA N, for r as follows:

e Base: For a Boolean expression b we construct the automaton N, = (X, {0, 1}, {0}, pp, {1})
such that for [ € ¥ we have p(0,1) = {1} iff [ = b.

e Induction: assume that for the regular expressions 7; and o we constructed the NFAs N; =
(3, 81, 11, p1, F1) and Ny = (33, Sy, 1o, po, F3) respectively.

— The NFA N. for 7 - Z’Q is N. = A(Z,Sl U SQ,[l,pl U pg U {(Sl,l,82>’51 € F1 N Sy €
p2(q,1) for g € I}, F). Where F' = F, if I, N F» = () and F} U F; otherwise.

— The NFA N, for mUry is N, = (2,5, U Sy U {so}, {30},p1 Upy U {A(so,l, s1)|s1 €
p1(q. 1) forqg € I} U{(so,l,s2)|s2 € pa(q,l) for g € I}, F'). Where F' = Fy U F if
LNFy,=0and ; N F; =0 and F; U F;, U {sq} otherwise.

— The NFA N, for 5 is N, = (2,51 U {so}, {so}, p1 U{(s0,1,51)|s1 € p1(q,1) and q €
Ly U{(s1,0,50)[p1(s1,0) N By # O}, Fy U {sp}).
Let w be a finite word. We show that
we L(N,) iff wg r

by induction on the structure of r.

e Base: Let r = . Note that 0 is not accepting and that there are no outgoing transitions from
1, thus if N}, accepts v, then |v| = 1. Then, N, accepts a word v iff |[v| = 1 and 1 € p(0,0°)
iff [u] = 1and v° = biffv E_D.

PSL

e Induction: Assume that for REs r; and r, we proved that w € L(N;) < w g, r; and
w e L(Ny) & wE, .

12



— For rq - v we distinguish between two cases:

1. The case where € 7. In this case, N. for r| - rp is N. = (3,5, U Sy, I1, py U
p2 U {(s1,1,82)|s1 € F1 A s2 € pa(q,l) for g € I}, F; U Fy). Then, N. accepts a
word w iff
it has a running trace s, $1, . . . Sx (k = |w|) over w such that s € F} U Fy iff
either N} accepts w or there exists j < k such that s; € F; and s;11 € pa(q, w’ )
for q € I, iff
either N; accepts w or there exists j < k such that N; accepts w®+/ and N, accepts

wj-‘rl..k; iff
(induction) either w |= r or there exists j < k such thatw®7 = rjand w/** = 1y
iff

wE 1T
2. The case where € £ 7. In this case, N. for 7y - o is N. = (3,51 U Sa, [1, p1 U
p2 U{(s1,1,89)|81 € F1 A\ 59 € pa(q, 1) for ¢ € I}, F). Then, N. accepts a word
w iff
it has a running trace sg, $1, . .. Sx (k = |w|) over w such that s, € F} iff
there exists j < k such that s; € I} and s;41 € pa(g, w?) for g € I iff
there exists j < k such that N; accepts w7 and N, accepts w’*!-* iff (induction)
there exists j < k such that w® £ ry and w/ ™% £ ry iff
wE, 1T
— For rUry we have that the NFA N, for rUry is N, = (3,51 U S U {so},{s0}, p1 U
p2 U {(s0,1,81)[s1 € pi(g,1) forq € 11} U {(s0,1,82)[s2 € pa(q,l) forq € I}, F').
Where F' = Fy U F, U{so} if LN Fy # Qor Iy N Fy # ) and F = F; U F, otherwise.
Ny accepts € iff
so € Fiff
]lﬂFl %Q)OI'IQOFQ?QQ)Iff
Ny accepts € or N accepts € iff (induction) e E ryore g riffe g riUr2.
Let w be a non empty word. N, accepts w iff
Ny has a running trace that s, s1, ..., s (for k& = |w|) such that s is the initial state
and s, € I U Fy iff
either s; € p(q,w®) for ¢ € I, and sy, Sy, ..., s, is a running trace of N, or s; €
p(q,w®) for ¢ € I and sy, sy, . . ., 53 is a running trace of Ny iff
N7 accepts w or Ny accepts w iff (induction)
wEg rorwE riffw g rur.
— For r} we have that the NFA N, for 5 is N, = (2, S1U{so}, {so}, p1 U{(s0,1, 51)|s1 €
pi1(g,l)and g € I1} U{(s1,1, 80)|p1(s1,0) N Fy # 0}, F1 U {so}).
First note that s, € F1, thus N, accepts e. This comply with € 7.

Let w be a non empty word. First direction, assume that /V, accepts w. Let sq, s1, . . . 5
be an accepting run trace of NV, on w. Let jg, j1, . . . be the sequence of all indices such
that s;, = so. Then for every j; in the set we have that s;,11 € pi(q, wli) for q € I
and that p € pi(s;,—1,w’"') for p € F;. Thus, for every j; excepts for the last, we
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have that ¢, sj,41, ... Sj,,,-1,p is accepting run of Ny on w?-Ji+1~1 and that for the
last j;, we have that q, S, 11, . . . Sg+1 is accepting run of N; on wi~*. This implies that
(induction) for every j; excepts for the last, we have that w’7+1~! = r1, and that for
the last j;, we have that wi-* £ r1. Thus w E_rj.

Second direction: Note that for every accepting run ¢, s1,...,S,_1,p of N7 on a non
empty word w, there exists an accepting run sg, 1, . .. Sx_1, So of N, on w. Assume
that w )EPSL ri. Then, there are wy, wy, ..., wy such that wy - wy - ... - w, = w and for

every 0 < j < k we have w; IEPSL r1. Thus (induction), for every 0 < 57 < k we have
that N; accepts w;. Then, for every 0 < j < k we have [V, has a running trace on w;
that starts and ends at sy. This implies that N, accepts w.

L]

Proposition 3.5 Let r be an RE. There exists a Biichi automaton B, with O(|r|) states such that
B, has a trapping non-accepting state qu,q and for every word w over %,

1. there exists an accepting run of B, on w iff w =, r

2. every run of B, on w reaches Qpaq iff W %, T

Proof:

We build the Biuichi automaton from the NFA for r constructed in Proposition 3.4. Before we
provide the actual construction, we prove the following Lemma.

Lemma 3.6 Letr be an RE and let N, be the automaton constructed for r in Proposition 3.4.
Then, for every s € S there exists k > 0 and a running trace s, sy, . .. 8, of N, on T* such
that sy, € F.

Proof: By induction.

— Base: r = b. The state 1 isin F, and (0, T,1) € p.

— Induction: Assume that the NFAs N; and N, for r; and 79, respectively, satisfy the
lemma.

* r =1y 1. If s € Sy, then by induction there exists £ > 0 and a running trace s
to F, on T*. Otherwise, s € S;. By induction, there is a running trace on T/ from
s to F;. From the transition relation, there exists j > 0 and a running trace on T’
from s to a state in S,. By induction, there exists £ > 0 and a running trace on T*
from that state of S5 to F5.

x r =1y Ury. If s € S, then by induction there exists £ > 0 and a running trace on
T* from s to F,. Otherwise, s = s, and there is a transition on T from s, to each
of S; and S,.

x r=r}. If s € 51, then by induction there exists £ > 0 and a running trace on Tk
from s to F3. Otherwise, s = sy, which is itself accepting.

14



L]

Let N, = (%,8,1,p, F) be the NFA for RE r, constructed as in Proposition 3.4. Let B, =
(2,5 U {qpaa}, 1, 0, S, S) where

’_ pU{(S,f,S) |€E 2, s € F}U{(qbad,ﬁ,qbad) |£€Z}U
{(8,0,qpaa) | £ €2, s ¢ FandVs' € S: (s,(,5) ¢ p}

Observation 3.7 Let w be a word over .. If there exists a running trace of B, on w that
contains a state in F, then B, accepts w.

Lemma 3.8 A (finite or infinite) word w is accepted by B, iff for every finite v =< w there
exists a prefix u X v - T¥, such that u g r.

Proof: First direction: Let w be a word that is accepted by B,. We prove that for every
finite v < w there exists a prefix u < v- T such that u | r. Let 59, 51, ... be an accepting
running trace of B, on w. We distinguish between two cases:

1. The trace sg, s1,... contains a state in F' (in /V,). In this case let k£ be the minimal
number such that s, € F. The definition of p implies that sg, s1, ..., S 1S a trace in
N,, thus w™*~1 € L(N,). Proposition 3.4 implies that w®*~* E r. Letv < wbe a
prefix of w. We distinguish between two cases:

- If w1 <o, then w®*~1 <v. T« and w"* ! E r.

PSL
- v < w™*1 Let j = |v|, then sg, s1,...,s; is a trace of N, over v. Lemma 3.7
implies that there exists a trace s, Sj41,...5; of N, on T" 7/ such that s; € F,
thus,v- T/ € L(N,). Thenv-T"7 E randv- T/ <v-T¥.

2. The trace sg, S1, ... does not contain a state in F' (in N,). Then the definition of p
implies that sy, s1,... 1s a trace in V,. Let v =< w be a finite prefix of w of length
k. Then, s, S1,...Sk+1 18 @ run of N, on v. Lemma 3.7 implies that there exists a
trace Sy, Sg41,.-.5; of N, on T*"% such that s; € F, thus, v - T"% € L(N,). Then
v- TR E randov- TV <0 Tw.

Second direction: Let w be a word that is not accepted by B,. We prove that there exists
a finite v < w such that for every prefix u < v - T*, we have that u %SL r. Since w is not
accepted by B,, and since gy, is the only non accepting and non final state, there exists
a prefix v =< w such that all running trace of B, on v are trapped in ¢,,4. In addition, by
Observation 3.7 above there is no running trace of B, on u =< v that contains a state in F'.
The definition of p implies that there is no running trace of N, on v, and that there is no
running trace of /V,, on u = v that contains a state in /. Since there is no running trace of
N, on v, for every v = u = v - T“ we have that u is not accepted by N, and thus u };%SL 7.
Since there is no running trace of NV, on v =< v that contains a state in /', we have that for
every u = v, u is not accepted by NV,., and thus u E%SL T, L]
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Lemma 3.8 shows that w = r iff there exists an accepting run of B, on w. That is, w |, r iff
every run of B, on w is not accepting.
Assume w is infinite. Then w %, r

iff every run of B, on w does not visit S infinitely often
iff [since S, \ S = {qpaa}] every run of B, on w Visits gy, infinitely often

iff [since qp,q is trapping] every run of B, on w Visits ¢puq.

Assume w i1s finite. Then w £, r

iff every run of B, on w does not terminate in a state in S

iff [since S, \ S = {qpaa}] every run of B, on w terminates in S

Thus w H, r iff every run of B, on w reaches state g,q. This completes the proof of Proposi-
tion 3.5. L]

Below we extend the construction of the alternating automaton given in the previous section
for LTL (over finite as well as infinite words) to LTL_WR. The idea is that for RE-based formulas
r {$—1) and r the automaton mimics the automaton for r. Recall that r {—1) states that there
exists a prefix tightly satisfying  and the suffix beginning at the end of this prefix satisfies ¢/, while
r — ( states that for each prefix tightly satisfying r, the suffix beginning at the end of the prefix
satisfies ¢. Thus, for “r {—¢” states when the parity bit is O the automaton mimics a move to
some next state in the NFA of 7 (so as to require one match for r) and when the parity bit is 1
the automaton mimics moves to all next states in the NFA of r (in order to traverse all matches
for r). Then, when the automaton reaches a final state in [V, it continues to state “i)” in order
to require satisfaction of . For a weak RE r the automaton mimics the Buichi automaton B,
of Proposition 3.5. When the parity bit is 0, the automaton traverses all states, to check that all
prefixes are “potentially accepting” (i.e., have an extension with Ts that is accepting). When the
parity bit is 1, the automaton traverses some state to check for some bad prefix.

To make this idea work we need to consider a new type of formula involving automata. For
these we introduce the following logic.

Definition 8 (LTL_WRA formulas)

— Ifbis a boolean expression then b\ is an LTL_WRA formula.

— If p and ) are LTL_WRA formulas, then the following are LTL_WRA formulas:

o oAy  eXlp  efpUy]

— If v is an LTL_.WRA formula N = (X, 5,1, p, F') is an NFA such that I is a singleton, then
(N, ) is an LTL_WRA formula.
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— If B = (%,5,1,p,F,A) is a Biichi automaton such that I is a singleton then (B) is an
LTL_WRA formula.

The semantics of LTL_WRA formulas is defined as follows:

Definition 9 Let v denote a word over 32; b a boolean expression; r an RE; and ¢ and 1) LTL_WRA
formulas. The notation v =, ¢ means that v satisfies . The relation =, is defined as follows:*

AUT

~

v, b <= |v]| > 0and v’k b

PSL

2’ v AUT_|S0<I:>6|§%UT()0

L VE NV <= v pandv £ )

v, Xlp <= |v| > 1and v £, ¢

AN W

5.0, [pU] <= 30 <k < |v] s.t. v% 5,0 and V0 < j < k, v |5, 0
6. v, (N,v) < 30 <j<|v|st o’ € L(N)and v’ 5,

7. v, (B) <= v € L(B)

AUT

Proposition 3.9 Let ¢ be a formula of LTL_WR. Let ® be the formula of LTL_WRA obtained
from @ by replacing sub-formulas of the form r {— with (N, 1) where N, = (X, S,, L., p, F}.)
is the NFA from Proposition 3.4; and formulas of the form r with (B,) where B, = (3,5, U
{@aa}, Ir, pl., Sy, S;) is the Biichi automaton defined in Proposition 3.5 and qy.q is the trapping
non-accepting state. Then

Proof: The proof is by induction on the structure of the formula. The cases for booleans and the
LTL operators are immediate since the semantics for those are the same.

o vi= 1O

< El O S j < ’U| S't’ /UO“j EPSL r and U] ):PSL Q/}

<= [by Proposition 3.4]
30 <j < |v]st. 0”7 € L(N,) and v/~ |5, 9

<:> v AUT <NT7 w>

e U T

PSL

<= [by Proposition 3.5]
v e L(B,)

4The semantics of the LTL operators are the standard ones.

17



v AUT <BT>

L]

Proposition 3.9 allows to use the construction of a Buchi automaton for an LTL_WRA formula
® to obtain a construction for an LTL_WR formula ¢ for which [¢] = [®].

Proposition 3.10 Given an LTL_WRA formula o, there exists an alternating Biichi automaton
B, = (3,5,1,p,F, A) where |S| is in O(|p|) and L(B,) is exactly the set of (finite and infinite)
words satisfying the formula .

Proof: Let ¢ be a formula of LTL_WRA. Let S be the set of pairs (p, 1) where p € {0,1} and ¢
satisfies at least one of the following:

e 1) is a subformula of .
e 1) € {TRUE, FALSE, NONEMPTY }.
e ) is of the form (N7 4J), where (N, 9J) is a subformula of ¢ and ¢ is a state of the NFA N.

e ¢ is of the form (B?), where (B) is a subformula of ¢ and g is a state of the Biichi automaton
B.

Note that if ¢ is the initial state of [V, then N? = NN, and similarly with 5.
The initial state is (0, ¢).
The set A of accepting states is produced by the following rules:

1. A contains all states of the form: (1, NONEMPTY), (0, TRUE), (1, FALSE) (1,b!), (1, X)),

(1, [PUd]), (1, (N9, 4)), (0, (BY)), (1, (B®=)).
In (0, (BY)) it is understood that ¢ is not the trapping state of B, while in (1, (B%ad)) it is
understood that g4 is the trapping state of 5.

2. (p,~) € Aiff (1 —p,v) € A.

3. (0,4 A9) € Aiff both (0,4) € A and (0,9)
(1,7 N 9) € Aiff either (1,¢) € Aor (1,9)

A

€ A
€A

The set F' of final states is equal to A.

The transition relation p is defined as follows, where N? = (X, Sy, {q}, pn, Fx) and B? =
(2, S8 U qbad, {¢}, pB, SB):

e p((p, NONEMPTY), {) = (p, TRUE)

e o((p, TRUE),!) = (p, TRUE)
p((p, FALSE), ) = (p, FALSE)
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b p((O,b'),@ = (O7€‘ESL b)
p((l,b!),g) = (17Z‘ESL b)
e p((0,9 AD), £) = p((0,%),£) A p((0,9),£)
P((L ¢ A 19)?@ = p((17¢)7£> \% P((l, 19)7@
e p((0, ), 0) = p((1,¢),0)
p((1, =), €) = p((0,¢),¢)
e p((0,X),£) = (0, NONEMPTY) A (0, )
p((1, X)), ¢) = (1, NONEMPTY) V (1,)
e p((0, [UY)), €) = p((0,9),€) vV (p((0, %), ) A (0, [ Ud]))
p((L, [¥UY]),0) = p((1,9),6) A (p((1,¢),0) V (1, [pUd]))

e If py(q,¢) N Fy is non-empty, then

p((0, (N1, 4)),0) = \/  (0,(N", )V p((0, ), 0)

q'€pn(q,0)
Otherwise
p((0, (N1, 4)), 0) = \/ (0,(N", %))
7' €pn(q,0)

If pn(q, ) N Fy is non-empty, then

pLNL) 0= N (LN 9) Ap((L,9),0)

7€pn(g,0)
Otherwise
p(L (N9 ¥)), 00 =\ (1,(N7,9))
q'€pn(g,0)
o p((0,(B),0)= \/ (0,(B"))
q'€pp(g,f)
p((1,(BH),0)= N\ (1,(BY))
q'€pp(q,0)

Lemma 3.11 Let @ be an LTL_WRA formula. If 1 is a subformula of ¢, let AP¥) denote the
subautomaton of this construction obtained by taking (p, ) as initial state. Then

1. L(AO#)) = [].
2. L(ABR)) = 2= — o] = [-¢].
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Proof: The proof is by induction on the structure of the formula. The cases for booleans
and the LTL operators are the same as in the proof of Lemma 3.2.

— We show that £(ACN“¥)) = [(N9 )] and L(ATN WD) = [(N, )]
e We show that v € [(N?, )] iff v € L(ACN¥D),

Suppose that v € [(N?,1)]. Then 30 < j < |v] s.t. v%7 € L(N?) and v’ € [[¢].
Since v € L(N7), there exists an accepting run

q, 4o, "'7qj € FN

of N7 on v*7. By induction, £(A®¥)) = [+], so there exists an accepting run
tree t of A¥) on v~
From the transition relation,

(N 1p), (ND, ), oy (NU2 1))

is a run of A(N"¥) o ¢9-9~1 Also, since q; € F, it follows from the transition

relation that each of the successors of the root of the run tree ¢ on letter v/ is also
a successor of (N%-1 ) on the letter v/. Let ¢’ be obtained from ¢ by replacing
the root with (N%-1 4)) . Since ¢,t’ differ only on the root node and since v’ is
non-empty, it follows that ¢’ is an accepting run tree of AC-N"1%) on i~ This
shows that v € L(ACN" D),

Suppose now that v € L(AON¥)) Then there exists an accepting run tree ¢
of A®© ) on v. Since (0, (N?, 1)) is not accepting, v is non-empty. From the
transition relation, t has a branch labeled

(0, (N, 4)), (0, (N, ), ...

Since none of the states (0, (N9 1)) is accepting, there must exist 0 < j < |v]
such that

(0, (N, ), (0, (N®,9)),... (0, (N, ¢))

labels a branch ¢,ty,...t;_y of ¢, and ¢, qo,...,qj—1 1s a run of N? on v
and pn(gj_1,v?) N F # 0, and the set of children of ¢;_; is labeled by the set
p((0,%),v7). Then ¢, qo, - . ., q; is a run of N? on v*7, and so v/ € L(N?). Let
=t

Since t is accepting, ¢’ must be an accepting run of AN on yi-. Let ¢
be the tree obtained from ¢’ by switching the root to (0,1). From the transition
relation, ¢’ is a run tree of A¥) on v7+. Since v’ is non-empty, it follows that
t" is accepting. Therefore, v/~ € L(A®%). By induction, v/ € [¢]. Thus,

€ [(N% )]

0.j—1
b
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e We show that v € [~(N?,1))] iff v € L(AGND),

€ [N, )] iff o & [(N4 )] iff V0 < j < [o| s.t. 299 € L(NY), 7 & [¢]

iff [induction]
(%) V0<j<|vst 0% € L(N), v € LALY)

Suppose that () holds. We construct an accepting run tree ¢ of AMLN%¥) on
v. Let ty be a run tree of ALN¥) on v, Let ¢ty be the rooted subtree of ¢,
consisting of all states of the form (1, (N, 4))) (that is, trim every branch of
at the first node which is not of the form (1, (N9 1)))). Since the states of this
form are all accepting, every branch of this subtree is accepting. Consider a node
n = (1, (N7, %)) of tx such that n has a nonempty set M,, of successors in to—t .
From the transition relation, it follows that there exists 0 < j < |v| and a run
4,905 -, ¢j—1 = ¢ of N% on %=1 and there exists ¢; € py(¢’,v7) N Fy. Then
q,qo, - - -, q; is an accepting run of N? on ©%/, so by (%), v/ € L(ALY)). Lett,
be an accepting run tree of A1%) on v7. Replace M,, in t, by the set of successors
of the root of £,,. As a result, any branch of ¢, passing through a successor of n in
to — tn is now converted to an accepting branch. The procedure is repeated for all
such nodes n to yield the accepting run tree ¢.

Suppose that v € L(AIN"¥))), Let  be an accepting run tree of AMN"¥) on v,
Let ¢y be the rooted subtree of ¢ consisting of all states of the form (1, (N7, ¢)))
(that is, trim every branch of ¢ at the first node which is not of the form (1, (N7, 1)))).
Suppose that there exists 0 < j < |v] s.t. v%9 € L(N?). Let q,qo, - - -, g, be an
accepting run of N7 on #*-7. From the transition relation,

(L (N% ), (LAN®, ), .., (1, (N9, 9))

is a prefix of a branch of ¢y, and the successors of (1, (N%-1 1)) int — ty are
successors of (1,v) on v/.

Let ¢’ be the tree obtained from the subtree of ¢ rooted at (1, (N%-* 4))) by elim-
inating the successors of (1, (N%-1 ¢))) that are in ¢y and replacing the root
by (1,%). It follows that # is an accepting run tree of A(%*) on v7-, and so
v/ € L(ATY), This proves that (x) holds.

— We show that £(A(B))) = [(B)] and L(AED) = [-(B9)].
Let w be a finite/infinite word.
Recall that ¢’ is an accepting state of (BY)
iff ¢ # qpaa. Also, (0, (B?)) is an accepting state of A5

iff ¢ 7# Goaa-
Thus, by the construction,
w € LIAOED)

iff there exists a run of B¢ on w that does not Vvisit gp,q
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iff w e L£(BY)
]

iff w e [(B9)]
Similarly, (1, (B9)) is an accepting state of A" iff ¢’ = gy,4. Thus,
w € L(ALED)

iff every run of B? on w reaches gpuq
iff w ¢ L£(B?)

ift w ¢ [(BY)]
iff w € [~(BY)]

L]

This completes the proof of the Proposition. U]

Corollary 3.12 Given an LTL_-WRA formula , there exists a Biichi automaton B, = (2,5, 1,
p, F, A) where |S| is in 2°U¢D and L(B,) is exactly the set of (finite and infinite) words satisfying
the formula .

Proof: Follows directly from Propositions 3.10 and 2.1. Ll

Corollary 3.13 Given an LTL_WR formula o, there exists a Biichi automaton B, = (X,5,1,
p, F, A) where | S| is in 2°0¢) and L(B,) is exactly the set of (finite and infinite) words satisfying
the formula .

Proof: Follows directly from Corollary 3.12 and Proposition 3.9. UJ

Definition 10 We say that a language is co-regular iff it is a union of a regular language and an
w-regular language.

Proposition 3.14 LTL_WR is as expressive as oo-regular languages.

Proof: Clearly a langauge accepted by a Buichi automaton on finite/infinite words is an co-regular
language. Thus, Corollary 3.13 implies that LTL_WR formulas are not more expressive than oco-
regular expressions (since for every formula ¢ in LTL_WR there exists a Buchi automaton 5, on
finite/infinite words such that [[¢] = L(B,)).

A proof that any w-regular language, can be expressed as an LTL_WR formula appears in [3],
where the suffix implication operator ( — ) is denoted triggers, and the suffix conjunction operator
( O—) is denoted follows_by. Note, that the language of an LTL_WR formula interpreted over
finite and infinite words may not be the same as its language when interpreted over infinite words
alone. For example, when the semantics is interpreted over infinite words alone, we have that

[b W false]] = {¢ | £k, b}*, but when the semantics is interpreted over finite words as well, we
have [b W false] = {¢ | (e, b} U{l ]| C, b}*.

P?L
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A regular language (over finite words) L can be expressed in LTL_WR by means of the formula
(rp, O— X false) where r, is a regular expression accepting the same language as L. An omega
regular language (over infinite words) L can expressed in LTL_WR by means of the formula {7, A
((X!true) W false) where 17, is an LTL_WR formula accepting the language L when interpreted
over infinite words only.

Thus, for every oo-regular language L we can construct an LTL_WR formula 1)¢;, such that
[¥fin] = {w|w € L and w is finite} and a formula 1, s such that [¢);,,¢]] = {w | w € L and w is infinite}.
Thus, the formula v ;, \V 1y, accepts exactly the set of (finite and infinite) words in L. L]

3.3 Classification of Automata for RE-based LTL_WR-formulas

Proposition 3.15 Let r be an RE, and ¢ an LTL_WR formula. If there exists a weak (terminal)
Biichi automaton for —p with state set S, then there exists a weak (terminal) Biichi automaton for
=(r — ) with at most O(|r| + |S|) states.

Proof: Let r be an RE and ¢ be an LTL_WR formula. We want to build a Buchi automaton for the
negation of r — . Note that by the semantics of suffix implication [r — ¢] = [’ — ¢']] where
S(r") = S(r) \ {€} and [[¢'] = [¢] \ {€}. We therefore assume without loss of generality that

e & S(r) and that € & [[¢]

Let N, = (%,5,, I, p-, F,) be the NFA constructed for r as in Proposition 3.4. We build
from it the NFA N] = (X, 5], I, p., F}) where S| = S, U {qrn}, ) = {qsin} and p. = p, U
{(q,0,q5in) | 3¢5 € F, s.t. (q,¢,q5) € p,}. Clearly, N/ is a linear NFA in |r| accepting the words
tightly satisfying r such that there are no states in 7, N F.

Let B, = (X, Sy, I, py, F,, A,) be the Biichi automaton accepting language [—¢]. We can
assume the construction of B, is such that I, is disjoint from F,, and that (s,¢,s") € p, implies
s" & I,.

We build the Biichi automaton B = (X, S, I, p, I, A) for =(r — ¢) as follows: S = (S.\ F))U
(Sp\1y); I =1;F=F, A= A,;and

_ (e \{(s. ) [t e F}) U (pp \{(s°.£,8) | " € I,}) U
P= {(s,0,8) | It € F!st. (s,0,t) € p, and 3s° € I st (s%0,8") € p,)}

First we show that £(B) = [~(r — ¢)]. Then we argue that if B, is weak (terminal) then so is B.

Love[~(r—e)]

— vk, (r—y)

= v, oo

— Jj < |v]s.t. 0’7 E rand v’ |5, e
<~

there exists a run s, s1, . . ., $;+1 of N/ on v*7 such that s;;1 € F and there exists an
accepting (finite or infinite) run s;, s, s}, . . . of B, on v/ such that s;, € I,

23



J X j ;
& [s; > s} € piff 3sj41 € F st s; — 8541 € prand Is) € I, s.t. sy — s} € py, |
there exists an accepting (finite or infinite) run sg, 51, ..., s;, s}, 5 ... 0of Bonv

< v € L(B)
2. Let Sy, ..., Sk be the partition of states and < the partial order that prove B,, is weak(terminal).

Let S/be S; \ I, for1 <i < k.LetS. =S, \ F,. Then B is proved weak (terminal) by the
partition S, S7, ..., S together with the partial order S/ < S/, and S < S} ift 5; < 5.

L]
Proposition 3.16 Let r be an RE. Then, there exists a universal alternating Biichi automaton for

—r with state complexity in O(|r|), and there exists a terminal existential Biichi automaton for —r
with state complexity in 200D,

Proof: Let B, = (2,5 U {qpa}, I, p,S,S) be the existential Blichi automaton from Proposi-
tion 3.5. Recall that B, has O(|r|) states and for every word w over ¥,

1. there exists an accepting run of B, onw iff w 5, r

2. every run of B, on w reaches qpq iff w £, 7

Let B be the universal Biichi automaton (2, .S U {qpua}, I, p, {qaa}, {qbaa})- Clearly B accepts a
word w iff w [, 7. Let B be the universal Biichi automaton (2, S U {qbaa}, I, 9> {Qbad }> {Qbad})
where
p={(s1,0,8) | L€, (51,0,5) € p}.
Clearly, w € L(B) iffw € L(B). Therefore w € L(B) iffw £, riffw |5, —r.
The universal Biichi automaton B can be translated into an ordinary existential Biichi automa-
ton B’ with state set S’ such that || is in 290" [11]. This translation can be done in a way that

preserves .4 as the unique trapping accepting state of B’. Then it is clear that B’ is terminal by
partitioning according t0 S\ {qpaa} < {Qbaa}

L]

Proposition 3.17 Let r be an RE. Then, there exists a weak Biichi automaton for —r! whose state
complexity is in O(|r|).

Proof: Letr be an RE. Let N = (X, S, I, p, F') be an NFA accepting the non-empty words tightly
satisfying 7, with state complexity linear in |r| (for example, NV is the NFA of Proposition 3.4).
We build from it the NFA N’ = (X, 5", 1,0/, F') where 5" = S U {qpin}, F' = {qfin} and p/ =
pU{(q. 0, qpin) | 3¢5 € Fst. (q,0,qr) € p}. Clearly, N’ is a linear NFA in |r| accepting the
non-empty words tightly satisfying r such that there are no transitions out of F”. It follows that in
any accepting run, F’ cannot be reached prior to the end of the run (i.e., if state s; € F” is reached
during an accepting run, then s is the last state of the run).
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We build a Biichi automaton B” = (2,5, 1, p", F", A”) as follows: A” = F” = §"\ F’; and
p"=pU{(s,¢,s)|s € F' ¢ e X} Note that the states of F” in B are non-accepting and trapping.
Finally, we build a Biichi automaton B = (3, 5", I, 5, ", A”) for —r! as follows:

ﬁ - {(Slaga 82) | é € E, (Slazy 82) & p//}‘

Clearly v € £(B) if and only if v € L(B").
First we show that £(B) = [[-(r!)]. Then we argue that B is weak.

1. v e [(r)]

[ A A S A

11

v, 7!
E I#PSL /r!
0.k
B <|v|st.v™F E r
0.k
VE < |u|, 0" B
[since N’ recognizes non-empty matches of 7]
Vk < |v| there exists no run of N’ on 7% terminating in a state in £’
[by the properties of N']
Vk < |v| there exists no run of N’ on ¥

[ by the definition of B” ]
Vk < |v] there exists no run of B” on v*-* visiting a state in F”’

0-k visiting a state in F"

[ there are two options |
Either v is finite and any run of B” on ¥ does not terminate in a state in £”
Or v is infinite and any run of B” on ¥ never visits a state in F’

v e L(B")
ve L(B)

2. Let the partition and partial order of the states of B be S’\ F’ < F'. Since [ = A" = S\ I’
and F” is trapping, it follows that B is weak.
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