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Abstract

The paperpresentsa methodfor generatingsolutionsof a
constraintsatisiction problem (CSP)uniformly at random.
The main idea is to transformthe constraintnetwork into
a belief network that expressesa uniform randomdistribu-
tion over its setof solutionsandthenuseknown sampling
algorithmsover belief networks. The motivation for this
taskscomesfrom hardware veri cation. Randomtest pro-
gram generationfor hardware veri cation can be modeled
andperformedhroughCSPtechniguesandis anapplication
in which uniform randomsolutionsamplingis required.

Intr oduction and Moti vation

The paperpresentsaa methodfor generatinguniformly dis-
tributedrandomsolutionsfor aCSP Themethodwe propose
is basedon a transformatiorof the constraintnetwork into
a belief network that expresses uniform randomdistribu-
tion overthe CSPS setof solutions.We thencanuseknown
samplingmethodsfor belief networks to generatethe de-
siredsolutionsamplesThebasicalgorithmwe proposeuses
a variableeliminationapproachandits compleity is time
andspaceexponentialin theinduced-widthof the constraint
problem. Becauseof this compleity the approactwill not
bepracticalin mostreallife situationsandwe thereforepro-
poseagenerapartition-basedchemdor approximatinghe
algorithm.

Therandomsolutiongeneratiorproblemis motivatedby
thetaskof testprogramgeneratiorin the eld of functional
veri cation. The mainvehiclefor the veri cation of large
andcomplex hardwaredesignds simulationof alargenum-
ber of randomtestprograms(Bergeron2000). The gener
ation of suchprogramshereforeplaysa centralrole in the
eld of functionalveri cation.

The input for a testprogramgeneratolis a speci cation
of a testtemplate.For example,teststhat exercisethe data
cacheof the processorand that are formed by a seriesof
double-vord store  andload instructions. The genera-
tor generates large numberof distinctwell-distributedtest
programinstancesthatcomplywith theusersspeci cation.
In addition,generatedestprogramsmustmeettwo inherent
classef requirements:(a) Testsmustbe valid. Thatis,
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their behaior shouldbewell de ned by the speci cationof
theveri ed system{b) Testprogramsshouldalsobeof high
quality, in the sensahatthey focuson potentialbugs.

The numberof potentiallocationsof bugsin a system
andthe possiblescenarioghat canleadto their discovery
is huge: In a typical architecturetherearefrom to

programsof 100instructions.It isimpossibleto ex-
actly specifyall thetestprogramghatwe would like to use
out of theabove combinationsandeven harderto generate
them. This meansthat usersof test generatorsntention-
ally underspecifythe requirement®f the teststhey gener
ate,andexpectthegeneratorso Il in the gapsbetweerthe
speci cation andthe requiredtests. In otherwords, a test
generators requiredto explorethe unspeci edspaceandto
help nd the bugsfor which the useris not directly look-
ing (Hartman,Ur, & Ziv 1999).

There are two ways to explore this unspeci ed space,
systematicallyor randomly A systematicapproachis im-
possiblewhen the explored spaceis large and not well-
understoodThereforetheonly practicalapproachs to gen-
eratepseudo-randontests. That s, teststhat satisfy user
requirementsindatthe sametime uniformly samplethede-
rivedtestspacgFournier, Arbetman,& Levinger1999).

The validity, quality, and test speci cation require-
mentsdescribedabore are naturally modeledthroughcon-
straints(Bin et al. ; Chandra& lyengar1992). As anex-
ampleof avalidity constraint,considerthe caseof a trans-
lation table: , Where standsfor the
effective addressand standsfor the real (physical)ad-
dressFor CSPto drivetestprogramgenerationtheprogram
shouldbe modeledasconstraintnetworks. Therequirement
to producea large numberof random well-distributedtests
is viewed, underthe CSP modelingschemeas a require-
mentto producea large numberof randomsolutionsto a
CSP This standsn contrasto thetraditionalrequiremenbf
reachinga singlesolution,all solutions,or a'best' solution
(Dechter1992;Kumar1992).

Relatedwork. Theproblemof generatingandomsolutions
for a setof constraintsjn the context of hardwareveri ca-
tion, is tackledin (Yuanetal. 1999). The Authorsdealwith
Booleanvariablesandconstraintover them,but do notuse
the CSPframework. Instead,they constructa single BDD
that representshe entire searchspace anddevelop a sam-
pling methodwhich usesthe structureof the BDD. A BDD



basecconstrainsatishctionengineimposesarestrictionon
the sizeof the problemsthatcanbe solved, sincethe BDD
approacloftenrequiresexponentialtime andspace No ap-
proximationalternatve waspresented. As far aswe know,
in the CSPliteraturethetaskof randomsolutiongeneration
wasnotaddressed.

Preliminaries

DEFINITION 1 (Constraint Networks) A Constraint Net-
work (CN) is de ned by a triplet whee isa
setof variables , associatedwith a set

of discrete-valueddomains, , and a set
of constrints Ead constaint is
a pair , Wwhee is a relation whele

, de nedona subsebf variables

called the scopeof . Therelation denotesall compati-
ble tuplesof allowedby the constiaint. Theconstaint
graphof a constaint network,hasa nodefor eac variable,
and an arc betweentwo nodesiff the correspondingvari-
ablesparticipatein the sameconstaint. A solutionis anas-
signmenibf valuesto variables , ,
sud thatno constaint is violated.

ExamMPLE 1 Considera graph coloring problemthat has
four variables(A, B, C, D), where thedomainsof and

are andthedomainsof and are . The
constaint are not-equalconstaints betweeradjacentvari-
ables. Theconstaint graphis givenin Figure 4 (top, left).

Belief networksprovide a formalismfor reasoningabout
partialbeliefsunderconditionsof uncertainty

DEFINITION 2 (belief network) Let
be a set of randomvariables over multi-valueddomains,
, respectively A belief network is a pair

whele is a directedacyclicgraphoverthevari-
ables,and ,and denoteConditionalProbabil-
ity Tables(CPTSs) , Whee is the set

of parentmodespointingto  in thegraph. Thebeliefnet-
work representsa probability distribution
wheie anassignmeng
) is abbreviatedto andwhee denotes

therestrictionof atuple overa subsebfvariables . The
moral graphof a directedgraphis the undirectedgraph ob-
tainedby connectinghe parentnodesof eac variable and
eliminatingdirection.

DEFINITION 3 (Induced width) An orderedgraphis apalr

where isanundirectedyraphand is
anorderingof thenodes.Thewidth of a nodein anordered
graphis the numberof the nodes neighborghat precedet
in theordering.Thewidthofanordering , denoted ,is
themaximumwidth overall nodes.Theinducedwidth of an
ordered graph, , is the width of the inducedordered
graphobtainedas follows: nodesare processedrom last
to rst; whennode s processedall its precedingneigh-
borsare connected.The inducedwidth of a graph, , is
the minimal inducedwidth over all its orderings(Arnborg
1985).
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Figurel: (a) Belief network (b) its moralgraph(c) Inducedwidth

ExAMPLE 2 The networkin Figure la expressesproba-
bilistic relatlonshlpbetweerﬁ variables

The moral graph is in Figure 1b and the induced- Wldth
along is 2, asshownin Figure 1c.

The Random Solution Task
Given a constraintnetwork we de ne the
uniform probabilitydistribution over suchthatfor
everyassignment to all thevariables,

—— if isasolution
otherwise

Where isthenumberof solutionsto . We consideiin
this paperthetaskof generatingandomsolutionsto a CSR
from auniformdistributionoverthesolutionspace. A naive
appmacd to this taskis to randomlygeneratesolutionsfrom
the problems searchspace. Namely given a variableor-
dering,startingwith the rst variable , we canrandomly
assignit a valuefrom its domain(choosingeachvaluewith
equalprobability). For thesecondvariable, we compute
valuesthatareconsistentvith the currentassignmento
andchooseone of thesevalueswith equalprobability, and
soforth.

This approachis of courseincorrect. Considera con-
straintnetwork overBoolearnvariablesvheretheconstraints
area setof implications:

. Whenapplyingthe naive approactio thisfor-
mula alongthe variableordering , we select
thevalue or with equalprobabilitiesof 1/2. If
thevalue is chosenall theothervariablesnustbeset
to , asthereis a singlesolutionconsistentvith .On
the otherhand,if is generatedary assignmento the
restof the variablesis a solution. Consequentlythe naive
approactgeneratesolutionsfrom thedistribution:

(a=1,b=1,c=1,d=1,e=1)
otherwise

ratherthanfrom the uniform distribution . Fromthe
exampleit is clearthatthe naive methods accurag will not
improve by makingthe problembacktrack-free.

On the other extreme lies the brute-foice approach.
Namely generatéby somemeanshll thesolutionsandsub-
sequentlyuniformly at randomselectone. The brute-force
approachs correctbut impracticalwhenthe numberof so-
lutions is very large. We next presenta rangeof schemes
thatlie betweerthe naiveappmoacd andan exactapproach,
which permits trading accurag for efciency in anytime
fashion.



Algorithm elim-count

Input: A constraintnetwork ,ordering .

Output: Augmentedutputbucketsincludingthe

intermediatecountfunctions. The numberof solutions.

1. Initialize: Partition into ., ,
where containsall constraintsvhoselatest(highest)
variableis . Wedenoteafunctionin abucket ,

its scope .)

2. Backward: For
Generatehefunction

Add to thebucket of thelatestvariablein

downto , do

3. Return thenumberof solutions,  andthesetof output
bucketswith the originalandcomputedunctions.

Figure2: Algorithm elim-count

Uniform Solution Sampling Algorithm

Our ideais to transformthe constraintnetwork into a be-
lief network thatcanexpresghedesireduniform probability
distribution. Oncesuchabelief network is availablewe can
applyknown samplingalgorithmsfor beliefnetworks (Pearl
1988). Thetransformatioralgorithmis basedn avariable
eliminationalgorithmthatcountsthe numberof solutionsof

aconstrainnetwork andthe numberof solutionsthatcanbe
reachedby extendingcertainpartial assignmentsClearly,

thetaskof countingis knownto bedif cult ( -complete)

but whenthegraphsinduced-widthis smallthetaskis man-
ageable.

We describethe algorithm using the bucket-elimination
framavork. Budket elimination is a unifying algorithmic
framawork for dynamic programmingalgorithms(Bertele
& Brioschi 1972; Dechter1999). The input to a bucket-
elimination algorithm consistsof relations(functions,e.g.,
constraintspr conditionalprobability tablesfor belief net-
works). Given a variableordering,the algorithm partitions
thefunctionsinto buckets,whereafunctionis placedin the
bucket of its latestargumentin the ordering. The algorithm
processesachbucket, from thelastvariableto the rst, by a
variableelimination operatorthat computesa new function
thatis placedin anearlierbucket.

For the countingtask, the input functions are the con-
straints,expressedascostfunctions. A constraint  over
scope is acostfunctionthatassigns to ary illegal tuple
and otherwise Whenthebucketof avariableis processed
the algorithmmultiplies all the functionsin the bucket and
sumsover the bucket's variable. This yields a new func-
tion thatassociatesvith eachtuple (overthebucket's scope
excluding the bucket's variable)the numberof extensions
to the eliminated variable. Figure 2 presentsalgorithm
elim-count the bucket-eliminationalgorithm for counting.
The compleity of elim-countobeys the generaltime and
spaceompleity of bucket-eliminationalgorithms(Dechter
1999).

THEOREM 1 Thetime and spacecompleity of algorithm
elim-counts whele and is
theinduced-widtlof the networks orderedconstaint graph

along .

Let be a speci ¢ assignmento the rst

setof variablesand let denotesa new function that
residesin bucket andwasgeneratedn bucket , for

THEOREM 2 Given an assignment , the
numberof consistentextensionsof  to full solutionsis!

ExampPLE 3 Considerthe constiaint networkof Examplel
and assumeawe usethe variable ordering , the
initial partitioning of functionsinto bucketsis givenin the
tablebelowin the middlecolumn.

Processinducket wegenertethefunction(We usethe

notation for thefunctiongeneratedby eliminatingvari-
able ) and place
it in thebudketof . Processinghe budket of wecom-

pute andplaceit in
thebucketof . Nextweprocess genemtingthefunction
placedit in budket

and nally we computewhenprocessingoucket ) all the
solutions . Theoutputbudketsare:
Budket | Original constrints | New constrints
Theactual functionsare displayedn thefollowing ta-
ble:
1 (b,d) : (c,d) 1 (d)
2:(1,1)or (2,2) 2:(2,1)or(1,2) 5: (1) 10
1: (1,2)or (2,1) 3:(3,1)or (3,2) 5:(2)
1:(1,1)or(2,2)

We next shaw, usingthe example,how we usethe output
of the countingalgorithmfor sampling. We startassigning
valuesalongthe order . The problemhas10 so-
lutions. Accordingto theinformationin bucket , bothas-
signments and canbeextendedo 5 solutions,
sowe chooseamongthemwith equalprobability Oncea
valuefor s selected(lets say ) we computethe
productof functionsin theoutput-hucketof ~ whichyields,
forany assignmento and , thenumberof full solutions
they allow. Sincethe productfunctionsshows that the as-
signment has2 extensiongo full solutions,

has3 extensionswvhile has
none,we choosebetweenthe values2 and3 of  with ra-
tio of 2 to 3. Onceavaluefor is selectedwe continue
in the samemannerwith  and Algorithm solution-
samplingis givenin Figure 3. Sincethe algorithm oper
ateson a backtrack-freeetwork createdoy elim-count,it is
guaranteedb belinearin the numberof samplegienerated.

The Transformed Belief Network

Givena constraintnetwork andits output-
bucketsgeneratedy elim-countappliedalongordering ,

We atuse notation denotingby the function ,

where isthescopeof



Algorithm solution-sampling

Input: A constraintnetwork ,anordering . The
outputbucketsalong , produceddy elim-count.

Output: Randomsolutionsgeneratedrom

1. While notenoughsolutionsgenerateddo

2. For to ,do
Giventheassignment and
with functions , computethe
frequeng functionof
andgeneratesamplefor accordingto .

3. Endwhile.
4. Return thegeneratedolutions.

Figure3: Algorithm solution-sampling

is thebeliefnetwork de nedover  asfollows. The
directedagyclic graphis theinducedgraphof the constraint
problemalong whereall thearrovs aredirectedfrom ear
lier to later nodesin the ordering. Namely, for every vari-
able the parentsof arethe nodesconnectedo it in
theinduced-graphhat precedst in the ordering. The con-
ditional probability table (CPT) associateavith eachchild

variable  canbederivedfrom thefunctionsin the output-
bucketby

@

where  areboth the original and new functionsin the
bucket of

EXAMPLE 4 In ourexampletheparentsof are and |,
the parentsof are and ,theparentsof is and

is a root node(seeFigure 4). TheCPTsare givenby the
followingtable:

(d, b, a) (c.d,b) (d,c)
112 112 |1 (11or22) | 2/5 1.2)
112 113) |1 (210r21) | 2/5 2.1)
1/2 (221) | 213 (3.1,1) 3/5 (1.3)
1/2 (223) | 13 (3.1,2) 3/5 2.3)
1 (12,3 | w3 (3.2,1)
1 213) | 23 (3.2,2)

The corversion processis summarizedn Figure 4.We can
show

THEOREM 3 Givenaconstaintnetwork andanordering
of its variables,the Beliefnetwork (de nedby Eq.
1), expresseshe uniformdistribution

Given a belief network that expresseshe desireddistri-
bution we cannow usewell known samplingalgorithmsto
samplesolutionsfrom the belief network. In particular the
simplestsuchalgorithm that works well whenthereis no
evidence,is Logic sampling(Henrion1986). The algorithm
samplesvaluesof the variablesalongthetopologicalorder
ing of thenetwork's directedgraph.Givenanassignmento
the rst variablesit assignsavalueto  usingthe
probability distribution , astheparentof  are
alreadyassignedWe canshaw that

Proposition1 Givena constaint network Algorithm
solution-samplingapplied to the output-tudkets of elim-
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Figure4: Thecorversionprocess

countalong , is identical to logic samplingon the belief
network

Mini-b ucket Approximation for Sampling

Themaindravbackof bucketeliminationalgorithmsis that,
unlessthe problems induced-widthis bounded,they are
time andspaceexponential. Mini-Budket Eliminationis an
approximatiordesignedo reducethe spaceandtime prob-
lem of full bucket elimination (Dechter& Rish 1997) by
partitioning large bucketsinto smallersubsetsalled mini-
buckets, which are processedndependently Here is the
rationale. Let be the functionsin and
let be the scope=f thosefunctions. Whenelim-
count processes , it computesghe function

. The scopeof is .
The Mini-Bucket algorithm, on the other hand, createsa
partitioning wherethe mini-bucket
containsthe functions . We canrewrite the
expressionfor asfollows: .
Now, if we migrate the summationinside the multiplica-
tion we will get a new function  de ned by:

. It is not hardto seethat is anupper
boundon . Thus, the approximationalgo-
rithm canprocessachmini-bucketseparatelyby usingthe
summationandproductoperators)thereforecomputing
ratherthan .

A tighterupperboundfor canbeobtainedby bound-
ing all the mini-buckets but one, by a maximizationin-
stead of summation, namely

Alternatively, we can minimize
over the mini-bucket's variables exceptone mini-bucket to
yield alower bound(replacingmax by min), or apply aver-
aging,yielding a mean-walueapproximation.

Thequality of theapproximatiordepend®nthedegreeof
partitioninginto mini-buckets. Givena boundingparameter
i, the algorithm createsan i-partitioning, whereeachmini-
bucket includesno more thani variableg. The choice of

2\We assumethati is at leastas large asthe size of scopesof



Algorithm MBE-count(i)
Input: A constraintnetwork
rameteii

Output: A boundon (upper lower or approximatevalue)of the
countfunctioncomputeddy elim-count.A boundonthe number|
of solutions

1. Initialize: Partition the functionsin  into

anordering ; pa-

2. Backward For downto , do

Given functions in , generatean -
partitioning, . For  containing
generate . Foreach , con-
taining generatdunction ,
where (where is max, min or
mean).Add  tothebucket of thelargest-inde variablein its

scope.
4. Return the orderedsetof augmenteducketsandnumberof
solutions.

Figure5: Algorithm, MBE-count(i)

-partitioning affectsthe accurag of the mini-bucket algo-
rithm. Algorithm MBE-count(i)describedn Figure5, is pa-
rameterizedy thisi-bound. Thealgorithmoutputsnotonly
a boundon the numberof solutionsbut alsothe collection
of augmentedbuckets. It canbeshavn ((Dechter& Rish
1997)),

THEOREM 4 Algorithm MBE-count(i) geneiatesan upper
(lower) boundon the numberof solutionsandits compleity
is time andspace , Whee
is thenumberof functions.

ExaMPLE 5 Consideringour exampleandassuming ,
processingthe bucket of  we haveto partition the two
functionsinto two sepaate mini-buckets, yielding two new
unary functions: ,
placedin budket andbudcket |, respec-
tively (only one arbitrary, mini-budket shouldbe processed
by summation). Alternatively we get if
we processby min operatot, by summation
and , by mean

opefator. Processingbudket  we compute
placedin budket of

, and pro-
cessing geneates
placedin bucket

ing bucket

Finally we compute when process-
, an upperboundon the numberof solutions

. Theoutputbudketsare given
by thetablebelow

Budket | Original constaints | New constaints

inputfunctions.

Theactual functionsusingthe maxopermator are:

if (c=1)
if (c=2)
if (c=3)
if (d=1)
it (d=2)

We seethat the boundis quite good. Notethat had we pro-
cessedbothmini-bucketby summatiorwewouldgeta bound
of 24 onthe numberof total solutions,0 solutionsusingmin
and8 solutionsusingthe meanoperator.

Givena setof outputbucketsgeneratedy MBE-count(i)
we canapply algorithmsolution-samplingshbefore. There
are, however, a few subtletieshere. First we shouldnote
thatthe samplegeneratiorprocesds no longer backtrack-
free. Many of thesamplesangetinto a”"dead-end’because
the generatedhetwork is not backtrack-free Consequently
the compleity of solution-samplingalgorithmis no longer
outputlinear The lower the i-bound, the larger the time
overheadpersample.

Canweinterpretthesamplingalgorithmassamplingover
somebelief network? If we mimic thetransformatioralgo-
rithm usedin the exact case,we will generateanirregular
belief network. The belief network generateds irregular
in thatit is not backtrack-freewhile by de nition, all be-
lief networksarebacktrack-freebecauseegularCPTsmust
sumto 1.

An irregular belief network includesan irregular CPT

, Wheretherecould be an assignmento the par
ents  suchthat for everyvalue or
An irregularbelief network representhe probability distri-
bution where isa
normalizingconstant. It is possibleto shawv that the sam-
pling algorithm that follows MBE-count(i) is identical to
logic samplingover suchan irregular network createdby
the transformatiorappliedto the outputbuckets generated
by MBE-count(i).

ExaMPLE 6 Thebeliefnetworkthatwill correspondo the

mini-budket approximationstill has asthe parentsof
, istheparentof and istheparentof . The

probability functionsthat canbe geneatedfor our example

are givenbelow For this example samplingis badtradck-

free For variable , after normalizationwe getthe same

functionasthe exactone(seeExampled). TheCPTfor
and are:

(c,b) (d,c) (d)
1 1,2)or(2,2) | 113 (1.2)or (2,1) | 112 1)
1/2 (3.1)or(3,2) | 2/3 (,3)or(2,3) | 1/2 %)

It is interestingto notethatif we apply the samplingal-
gorithmto theinitial barebuckets, which canbe perceved
to be generatecoy MBE-count(0), we just get the nave-
approachweintroducedat the outset.

Empirical evaluation

We provide preliminaryempiricalevaluation,demonstrating
the anytime behaior of the mini-bucket schemefor sam-
pling. We usedas benchmarkrandomly generatedinary
CSPgenerate@ccordingo thewell-known four-parameter
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Figure6: Thecorversionprocess

model( ) where is thenumberof variables,

is thenumberof values, is thetightnesgnumberof disal-
lowedtuples)and is the numberof constraints.We also
testedthe specialstructureof squaregrid networks.
Measures. We assumethat the accurag of the distribu-
tion obtainedfor the rst variableis representatie of the
accurag of the whole distribution. We thereforecompare
the approximatedlistribution associatedvith the rst vari-
ablein the ordering(the probability of the rst nodein the
ordering)computedoy MBE-count(i) againstits exact dis-
tribution, using several error measures.The primary mea-
sureis the KL distancewhich is commonfor comparing
the distancebetweertwo probabilities(Chow & Liu 1968).

Let be a probability distribution and its ap-
proximation. The KL-distanceof and is de ned as
. It is known that

, andthe smaller , the closer

isto , with iff . Wealso

computethe absoluteerror andtherelative error*. Finally,

for comparisonwe alsocomputethe KL distancebetween
theexactdistribution andtheuniform, of the rst vari-

able.

Benchmarks and results We experimentedwith random
problemshaving 40 and50 variableswith domainsof 5 val-

uesand8x8 grids with domainsof 5 values. All problems
areconsistentWe hadto staywith relatively smallproblems
in orderto applythe exactalgorithm. Theresultswith ran-
domCSPsaregivenin Tablesl and2, andresultswith 8x8
gridsaregivenin Table3. In the rst columnwe havetight-

nessT, in the secondcolumnthe KL-distancebetweenthe
exact distribution and uniform distribution ( ), andin

the remainingcolumnsvariousvaluesof the i-bound. First
we reportthe averagetime of MBE-count(i) perproblemfor

eachi. The remainderof the table consistsof horizontal
blocks, correspondingdo differentvaluesof T. In columns
correspondingp valuesof i-bound,wereport,for eachvalue
of i, KL-distancebetweerthe exactprobabilityandMBE(i)

probability ( ), absoluteerror and relative error, aver

i ] , _ =10.8. _instances. I

i [ =4 [ =5 | =6 | =r | =8 | =9 [ =10 ]|
I time [ 005 [ 009 | 033 | 13 | 52 | 20 [ 8 ]
T abs-e abs-e abs-e abs-e abs-e abs-e abs-e

rel-e rel-e rel-e rel-e rel-e rel-e rel-e
0.398 0.223 0.184 0.144 0.086 0.091 0.063 0.020
8 0.106 0.095 0.081 0.058 0.058 0.045 0.026

1.56 1.13 0.86 0.65 0.64 0.48 0.21
0.557 0.255 0.323 0.303 0.132 0.109 0.082 0.085
9 0.110 0.125 0.112 0.074 0.064 0.053 0.045

37 28 23 5.16 1.76 0.99 0.61

0.819 0.643 0.480 0.460 0.340 0.295 0.401 0.228

10 0.164 0.124 0.123 0.108 0.105 0.098 0.064
28 751 9.41 5.41 4.31 2.69 0.81

1.237 0.825 0.803 1.063 0.880 0.249 0.276 0.193

11 0.203 0.184 0.209 0.166 0.088 0.098 0.068

1.33 1.65 2.71 1.15 0.88 1.24 0.33

Tablel: Accurag andtime on RandomCSPs.

Il , , . =127. instances. i}
0 [ =6 [ =r [ =81 =0 [ =10 ] =11 ]|
I time [ 044 ] 164 [ 660 [ 29 [ 125 [ 504 ]
T abs-e abs-e abs-e abs-e abs-e abs-e
rel-e rel-e rel-e rel-e rel-e rel-e
1.044 0.372 0.599 0.442 0.631 0.295 0.278
10 0.127 0.147 0.135 0.100 0.098 0.041
52 120 81 79 8.12 0.91
0.923 0.502 0.285 0.137 0.215 0.214 0.464
10.5 0.150 0.109 0.069 0.073 0.079 0.143
1.97 1.93 0.44 1.60 1.28 3.73
1.246 0.781 0.851 0.550 0.490 1.670 -
11 0.208 0.186 0.156 0.134 0.177
116 81 44 91 100
1.344 0.577 0.660 0.333 0.231 0.088
115 0.160 0.180 0.180 0.061 0.042

5.69 3.40 3.02 2.70 0.94

Table2: Accurag andtime on RandomCSP

agedover all probleminstances.

The rst thing to obsene from the tablesis thateventhe
wealest(but mostef cient) level of approximatioris supe-
rior to the naive uniform distribution, sometimessubstan-
tially. We alsoseefrom Tablel thatasi increasesthe run-
ningtime of MBE(i) increasesasexpected.Lookingateach
horizontalblock, correspondingo a speci ¢ valueof T, we
seethatasi increasesthe KL-distanceaswell asabsolute
andrelative errordecreaseFor large valuesof i, is as
muchasan orderof magnitudesmallerthan , indicat-
ing the quality of the probability distribution computedby
MBE-count(i). We seesimilar resultsfrom Table2.

Conclusion

The paperintroducesthe task of generatingrandom,uni-
formly distributedsolutionsfor constraintsatishctionprob-
lems.Theorigin of thistaskis theuseof CSPbasednethods
for therandomtestprogramgeneration.

The algorithmsarebasedon exactandapproximatevari-
ableeliminationalgorithmsfor countingthe numberof so-
lutions, that can be viewed astransformationof constraint
networksinto belief networks.

The resultis a spectrumof parameterizeérnytime algo-
rithms controlledby an i-boundthat, startswith the naive
approachon one endandthe exact approachon the othet
As i increaseswe are likely to have more accuratesam-



Il 8x8grid, . =10. instances. 1

( [ =41 =5 [ =61 =r [ =81 =0 [ =10 ]|
Il time [ 001 [ 004 [ 012 J 056 | 18 [ 57 [ 16
T abs-e abs-e abs-e abs-e abs-e abs-e abs-e

rel-e rel-e rel-e rel-e rel-e rel-e rel-e

0.013 0.001 3e-4 23e-5 | 2.2e5 le-6 0 0

5 0.016 | 0.008 | 0.002 0.002 | 3.3e-4 | 4.6e-5 le-6
0.091 | 0.044 | 0.012 0.010 | 0.002 | 2.7e-4 | 4e-6

0.022 0.002 | 7.2e-4 | 1.1e-4 | 1.2e-4 7e-6 0 0

7 0.021 | 0.012 0.005 0.005 | 0.001 | 2.1e-5 | 4e-6
0.133 | 0.076 | 0.026 0.025 | 0.006 0.001 3e-5

0.049 0.009 | 0.002 | 4.1e-4 | 2.8e-4 | 3.8e-5 5e-6 0

9 0.045 | 0.022 0.009 0.007 | 0.003 0.001 6e-5
0.440 | 0.215 | 0.069 0.056 | 0.020 0.006 5e-4

0.073 0.020 | 0.005 | 0.003 0.002 | 6.8e-4 | 9.4e-5 le-6

11 0.060 | 0.031 0.021 0.017 | 0.009 0.003 3e-4
1.63 0.342 | 0.265 0.223 | 0.118 0.039 | 0.003

Table3: Accurag/ andtime on 8x8 grid CSPs.

plesthattakeslessoverheado generateluringthesampling
phase. Our preliminary evaluationsshav that the scheme
providessubstantiaimprovementsover the naive approach
even when using its wealest version. More importantly
it demonstratehe arytime behaior of the algorithmsasa
functionof thei-bound. Furtherexperimentsclearly should
be conductedn the real applicationof testprogramgener
ation. In the future we still needto testthe samplingcom-
plexity of theapproximatiorandits accurag onthefull dis-
tribution.

Our approacthis superiorto ordinary OBDD-basedalgo-
rithmswhich areboundedexponentiallyby the path-width
a parametetthat is always larger than the induced-width.
However, anothervariantsof BDDs, known astree-BDDs
(McMillan 1994)extendsOBDDsto treesthatarealsotime
andspacesxponentiallypoundedn theinduced-width(also
known astree-width).As far aswe know all BDD-basedl-
gorithmsfor randomsolutiongenerationuseordinary OB-
DDsratherthantree-BDDS.

Themainvirtue of our approacthoweveris in presenting
an anytime approximationschemewhich is so far unavail-
ableunderthe BDD framework.
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