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Abstract

The paperpresentsa methodfor generatingsolutionsof a
constraintsatisfactionproblem(CSP)uniformly at random.
The main idea is to transformthe constraintnetwork into
a belief network that expressesa uniform randomdistribu-
tion over its setof solutionsand then useknown sampling
algorithmsover belief networks. The motivation for this
taskscomesfrom hardware veri�cation. Randomtest pro-
gram generationfor hardware veri�cation can be modeled
andperformedthroughCSPtechniques,andis anapplication
in whichuniform randomsolutionsamplingis required.

Intr oduction and Moti vation
The paperpresentsa methodfor generatinguniformly dis-
tributedrandomsolutionsfor aCSP. Themethodwepropose
is basedon a transformationof theconstraintnetwork into
a belief network that expressesa uniform randomdistribu-
tion over theCSP'ssetof solutions.We thencanuseknown
samplingmethodsfor belief networks to generatethe de-
siredsolutionsamples.Thebasicalgorithmweproposeuses
a variableeliminationapproachand its complexity is time
andspaceexponentialin theinduced-widthof theconstraint
problem. Becauseof this complexity theapproachwill not
bepracticalin mostreallife situationsandwethereforepro-
poseageneralpartition-basedschemefor approximatingthe
algorithm.

Therandomsolutiongenerationproblemis motivatedby
thetaskof testprogramgenerationin the�eld of functional
veri�cation. The main vehiclefor the veri�cation of large
andcomplex hardwaredesignsis simulationof a largenum-
ber of randomtestprograms(Bergeron2000). The gener-
ationof suchprogramsthereforeplaysa centralrole in the
�eld of functionalveri�cation.

The input for a testprogramgeneratoris a speci�cation
of a testtemplate.For example,teststhatexercisethedata
cacheof the processorand that are formed by a seriesof
double-word store and load instructions. The genera-
tor generatesa largenumberof distinctwell-distributedtest
programinstances,thatcomplywith theuser'sspeci�cation.
In addition,generatedtestprogramsmustmeettwo inherent
classesof requirements:(a) Testsmust be valid. That is,
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theirbehavior shouldbewell de�ned by thespeci�cationof
theveri�ed system;(b) Testprogramsshouldalsobeof high
quality, in thesensethatthey focusonpotentialbugs.

The numberof potential locationsof bugs in a system
andthe possiblescenariosthat can lead to their discovery
is huge: In a typical architecture,therearefrom �����	� 
�
�
 to

�����

�� 
�
�
 programsof 100instructions.It is impossibleto ex-
actly specifyall thetestprogramsthatwe would like to use
out of theabove combinations,andevenharderto generate
them. This meansthat usersof test generatorsintention-
ally under-specifythe requirementsof the teststhey gener-
ate,andexpectthegeneratorsto �ll in thegapsbetweenthe
speci�cationand the requiredtests. In otherwords,a test
generatoris requiredto exploretheunspeci�edspaceandto
help �nd the bugs for which the useris not directly look-
ing (Hartman,Ur, & Ziv 1999).

There are two ways to explore this unspeci�ed space,
systematicallyor randomly. A systematicapproachis im-
possiblewhen the explored spaceis large and not well-
understood.Therefore,theonlypracticalapproachis to gen-
eratepseudo-randomtests. That is, teststhat satisfy user
requirementsandat thesametimeuniformly samplethede-
rivedtestspace(Fournier, Arbetman,& Levinger1999).

The validity, quality, and test speci�cation require-
mentsdescribedabove arenaturallymodeledthroughcon-
straints(Bin et al. ; Chandra& Iyengar1992). As an ex-
ampleof a validity constraint,considerthecaseof a trans-
lation table: �������
����������� �"! , where � � standsfor the
effective addressand ��� standsfor the real (physical)ad-
dress.ForCSPto drivetestprogramgeneration,theprogram
shouldbemodeledasconstraintnetworks.Therequirement
to producea largenumberof random,well-distributedtests
is viewed, underthe CSPmodelingscheme,as a require-
ment to producea large numberof randomsolutionsto a
CSP. Thisstandsin contrastto thetraditionalrequirementof
reachinga singlesolution,all solutions,or a 'best' solution
(Dechter1992;Kumar1992).
Relatedwork. Theproblemof generatingrandomsolutions
for a setof constraints,in thecontext of hardwareveri�ca-
tion, is tackledin (Yuanetal. 1999).TheAuthorsdealwith
Booleanvariablesandconstraintsover them,but do not use
the CSPframework. Instead,they constructa singleBDD
that representsthe entiresearchspace,anddevelopa sam-
pling methodwhich usesthestructureof theBDD. A BDD



basedconstraintsatisfactionengineimposesarestrictionon
thesizeof theproblemsthatcanbesolved,sincetheBDD
approachoftenrequiresexponentialtime andspace.No ap-
proximationalternative waspresented.As far aswe know,
in theCSPliteraturethetaskof randomsolutiongeneration
wasnotaddressed.

Preliminaries
DEFINITION 1 (Constraint Networks) A Constraint Net-
work (CN) is de�ned by a triplet �

���������
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, de�nedona subsetof variables�

���$�

called the scopeof
���

. The relation denotesall compati-
ble tuplesof

�����

allowedby theconstraint. Theconstraint
graphof a constraint network,hasa nodefor each variable,
and an arc betweentwo nodesiff the correspondingvari-
ablesparticipatein thesameconstraint. A solutionis anas-
signmentof valuesto variables % � �&%

�

�	� � � �

%

�

! , %

�('$�
�

,
such thatnoconstraint is violated.

EXAMPLE 1 Considera graph coloring problemthat has
four variables(A, B, C, D), where thedomainsof � and

�

are
�

�

��)*��+

� and the domainsof , and
�

are
�

�

��)

� . The
constraint are not-equalconstraintsbetweenadjacentvari-
ables. Theconstraint graphis givenin Figure 4 (top, left).

Beliefnetworksprovide a formalismfor reasoningabout
partialbeliefsunderconditionsof uncertainty.

DEFINITION 2 (belief network) Let
�
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�

�
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�	� � � �
���
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be a set of randomvariablesover multi-valueddomains,
�

�

�	� � � ���
�

, respectively. A belief network is a pair �.-

��/

!

where - � �

���

� ! is a directedacyclicgraphoverthevari-
ables,and 0 �

�

/1�

� , and
/��

denoteConditionalProbabil-
ity Tables(CPTs)

/��

�
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����2 3
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!	� , where
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is theset
of parentsnodespointingto

�4�

in thegraph.Thebeliefnet-
work representsa probability distribution
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! whereanassignment(
�

�

�:%

�

�	� � � �
���

�

%

�

) is abbreviatedto % � �&%

�

�	� � � �

%

�

! andwhere %

�

denotes
therestrictionof a tuple % overa subsetof variables � . The
moralgraphof a directedgraphis theundirectedgraphob-
tainedby connectingtheparentnodesof each variableand
eliminatingdirection.

DEFINITION 3 (Induced-width) An orderedgraphis apair
�.-

��;

! where- isanundirectedgraphand
;

�

�

�

�	� � � �
���

is
anorderingof thenodes.Thewidth of a nodein anordered
graphis thenumberof thenode's neighborsthatprecedeit
in theordering.Thewidthof anordering

;

, denoted< �

;

! , is
themaximumwidth overall nodes.Theinducedwidthof an
ordered graph, <>= �

;

! , is the width of the inducedordered
graphobtainedas follows: nodesare processedfrom last
to �rst; whennode

�

is processed,all its precedingneigh-
borsareconnected.The inducedwidth of a graph, <@? , is
the minimal inducedwidth over all its orderings(Arnborg
1985).
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Figure1: (a)Belief network (b) its moralgraph(c) Inducedwidth

EXAMPLE 2 The network in Figure 1a expressesproba-
bilistic relationshipbetween6 variables �

�

,

���A������B��

- .
The moral graph is in Figure 1b and the induced-width
along

;

� ���

�

,

���A������B��

- ! is 2, asshownin Figure1c.

The Random Solution Task
Given a constraintnetwork C � �

���������

! we de�ne the
uniformprobabilitydistribution

/1D

�EC ! over
�

suchthatfor
everyassignmentF% � �&%

�

�	� � � �

%

�

! to all thevariables,
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N is a solution




otherwise

Where
2

�9Y�Z

2

is thenumberof solutionsto C . Weconsiderin
this paperthetaskof generatingrandomsolutionsto a CSP,
fromauniformdistributionoverthesolutionspace.A naive
approach to this taskis to randomlygeneratesolutionsfrom
the problem's searchspace. Namely, given a variableor-
dering,startingwith the�rst variable

�

�

, we canrandomly
assignit a valuefrom its domain(choosingeachvaluewith
equalprobability).For thesecondvariable,

��[

we compute
valuesthatareconsistentwith thecurrentassignmentto

�

�

andchooseoneof thesevalueswith equalprobability, and
soforth.

This approachis of courseincorrect. Considera con-
straintnetwork overBooleanvariableswheretheconstraints
area setof implications: \ �

�

�^]_,

�

�^]

�A�

�^]

���

�`] � � . Whenapplyingthenaiveapproachto this for-
mula along the variableordering �

�

,

���A�����

� , we select
thevalue � � � or � � � with equalprobabilitiesof 1/2. If
thevalue � � � is chosen,all theothervariablesmustbeset
to � , asthereis a singlesolutionconsistentwith � � � . On
theotherhand,if � � � is generated,any assignmentto the
restof the variablesis a solution. Consequently, the naive
approachgeneratessolutionsfrom thedistribution:

G1J

8

�ba �Xc �Xd���e

O

6QP

�
f

[

(a=1,b=1,c=1,d=1,e=1)

�
f �Mg

otherwise

ratherthanfrom theuniform distribution
/�D

�&\ ! . Fromthe
exampleit is clearthatthenaivemethod'saccuracy will not
improveby makingtheproblembacktrack-free.

On the other extreme lies the brute-force approach.
Namely, generate(by somemeans)all thesolutionsandsub-
sequentlyuniformly at randomselectone. The brute-force
approachis correctbut impracticalwhenthenumberof so-
lutions is very large. We next presenta rangeof schemes
that lie betweenthenaiveapproach andanexactapproach,
which permits trading accuracy for ef�ciency in anytime
fashion.



Algorithm elim-count
Input: A constraintnetwork

���������
	��
���

, ordering� .
Output: Augmentedoutputbucketsincludingthe
intermediatecountfunctions.Thenumberof solutions.
1. Initialize: Partition

�

into �
���������
� , ����� , �
����������� ,
where �
����������� containsall constraintswhoselatest(highest)
variableis

�

� . Wedenotea functionin a bucket  !� ,
its scope"#� .)
2. Backward: For $&%(' downto ) , do

Generatethefunction  &* :  +*

�-,/.103254

��687:9<;�=
>@?

0

 A� .
Add  +* to thebucket of thelatestvariablein

BDC

� E1�

"#�#FHG

�

*

I

.
3. Return thenumberof solutions, 

� andthesetof output
bucketswith theoriginalandcomputedfunctions.

Figure2: Algorithm elim-count

Uniform Solution SamplingAlgorithm
Our idea is to transformthe constraintnetwork into a be-
lief network thatcanexpressthedesireduniformprobability
distribution. Oncesucha belief network is availablewe can
applyknown samplingalgorithmsfor beliefnetworks(Pearl
1988). Thetransformationalgorithmis basedona variable
eliminationalgorithmthatcountsthenumberof solutionsof
aconstraintnetwork andthenumberof solutionsthatcanbe
reachedby extendingcertainpartial assignments.Clearly,
thetaskof countingis known to bedif�cult ( J

/

-complete)
but whenthegraph'sinduced-widthis smallthetaskis man-
ageable.

We describethe algorithm using the bucket-elimination
framework. Bucket elimination is a unifying algorithmic
framework for dynamicprogrammingalgorithms(Bertele
& Brioschi 1972; Dechter1999). The input to a bucket-
eliminationalgorithmconsistsof relations(functions,e.g.,
constraints,or conditionalprobability tablesfor belief net-
works). Givena variableordering,thealgorithmpartitions
thefunctionsinto buckets,wherea functionis placedin the
bucket of its latestargumentin theordering.Thealgorithm
processeseachbucket,from thelastvariableto the�rst, by a
variableeliminationoperatorthat computesa new function
thatis placedin anearlierbucket.

For the counting task, the input functionsare the con-
straints,expressedascostfunctions. A constraint�

�

over
scope� is a costfunctionthatassigns� to any illegal tuple
and � otherwise.Whenthebucketof avariableis processed
thealgorithmmultiplies all the functionsin thebucket and
sumsover the bucket's variable. This yields a new func-
tion thatassociateswith eachtuple(over thebucket's scope
excluding the bucket's variable)the numberof extensions
to the eliminated variable. Figure 2 presentsalgorithm
elim-count, the bucket-eliminationalgorithmfor counting.
The complexity of elim-countobeys the generaltime and
spacecomplexity of bucket-eliminationalgorithms(Dechter
1999).

THEOREM 1 The time and spacecomplexity of algorithm
elim-countis K � �!LNM9%

3

�&<
=

�

;

! ! where � �

2 � 2

and <
=

�

;

! is
theinduced-widthof thenetwork'sorderedconstraint graph

along
;

. O

Let F%

�

� �&%

�

�	� � � �

%

�

! bea speci�c assignmentto the �rst
set of P variablesand let Q

"

R denotesa new function that
residesin bucket

�

R andwasgeneratedin bucket
� "

, for
SUT�V

.

THEOREM 2 Given an assignmentF%

�

� �&%

�

�	� � � �

%

�

! , the
numberof consistentextensionsof F%

�

to full solutionsis1
5XWZY

�

[]\

��^

R

^

�

�

� _

��^

"

^

�a`

Q

"

R

�9F % ! .

EXAMPLE 3 Considertheconstraint networkof Example1
andassumeweusethevariableordering �

�����A�

,

�

�"! , the
initial partitioning of functionsinto bucketsis givenin the
tablebelowin themiddlecolumn.

Processingbucket � wegeneratethefunction(Weusethe
notation Q

� for thefunctiongeneratedbyeliminatingvari-
able

�

) QHb �.,

���

! �dc

b

� ���

�

, !�L � ���

���

! and place
it in the bucket of , . Processingthe bucket of , we com-
pute QHe �

�A���

! ��c

e

� �.,

���

!�LNQHb �.,

���

! andplaceit in
thebucket of

�

. Next weprocess
�

generating thefunction
QHf �

�

! �
c

f

� �

�A���

!3L8Q
e

�

�A���

! placedit in bucket
�

and �nally wecompute(whenprocessingbucket
�

) all the
solutionsQHg ��c

g

Q
f

�

�

! . Theoutputbucketsare:
Bucket Original constraints New constraints

a

D

c

R

e@h

J

b

O i

J

b �je

O

�

i

J

b �@g

O

a

D

c

R

e@h

J

e

O i

J

e �
f

O

Y�k

J

e �jg

O

a

D

c

R

e@h

J

f

O i

J

f
�jg

O

Y�l

J

f
�jg

O

a

D

c

R

e@h

J

g

O

Y�m

J

g

O

a

D

c

R

e@h

J




O

Y�n

Theactual Q functionsare displayedin thefollowing ta-
ble: Y�k

J

a �bd

O : (b, d)

Y�l

J

c �Xd

O : (c, d)

Y�m

J

d

O : (d)

Y�n

2: (1,1)or (2,2) 2 : (2,1)or (1,2) 5: (1) 10

1: (1,2)or (2,1) 3 : (3,1)or (3,2) 5: (2)

1 : (1,1)or (2,2)

We next show, usingtheexample,how we usetheoutput
of thecountingalgorithmfor sampling.We startassigning
valuesalongtheorder

�����A�

,

�

� . Theproblemhas10 so-
lutions. Accordingto theinformationin bucket

�

, bothas-
signments

�

� � and
�

�

)

canbeextendedto 5 solutions,
so we chooseamongthemwith equalprobability. Oncea
value for

�

is selected(lets say
�

� � ) we computethe
productof functionsin theoutput-bucketof

�

whichyields,
for any assignmentto

�

and
�

, thenumberof full solutions
they allow. Sincethe productfunctionsshows that the as-
signment�

�

� �

���

�

)

! has2 extensionsto full solutions,
�

�

� �

���

�

+

! has3 extensionswhile �

�

� �

���

� � ! has
none,we choosebetweenthevalues2 and3 of

�

with ra-
tio of 2 to 3. Oncea value for

�

is selectedwe continue
in the samemannerwith , and � . Algorithm solution-
samplingis given in Figure 3. Sincethe algorithm oper-
atesona backtrack-freenetwork createdby elim-count,it is
guaranteedto belinearin thenumberof samplesgenerated.

The Transformed Belief Network
Givena constraintnetwork C � �

���������

! andits output-
bucketsgeneratedby elim-countappliedalongordering

;

,
1We abuse notation denotingby  

�<o

p

�

the function  

�<o

prq

�

,
where " is thescopeof  .



Algorithm solution-sampling
Input: A constraintnetwork

���������
	��
���

, anordering� . The
outputbucketsalong � , producedby elim-count.
Output: Randomsolutionsgeneratedfrom

�

9

���&�

.
1. While notenoughsolutionsgenerated,do
2. For $&% ) to ' , do

Giventheassignment
o

p

*

���

p

�

�

� � �

p

*

�

and �
���������

*with functions G< �

�

 ��

�

�����

I

, computethe
frequency functionof �

���

*��

�

� � 2

C

 

C

�<o

p

*

���

*��

�

�

andgeneratesamplefor
�

*��

� accordingto � .
3. Endwhile.
4. Return thegeneratedsolutions.

Figure3: Algorithm solution-sampling

,

J �

� d

O is thebelief network de�ned over
�

asfollows. The
directedacyclic graphis theinducedgraphof theconstraint
problemalong

;

whereall thearrowsaredirectedfrom ear-
lier to later nodesin the ordering. Namely, for every vari-
able

���

the parentsof
�4�

are the nodesconnectedto it in
the induced-graphthatprecedeit in theordering.Thecon-
ditional probability table(CPT) associatedwith eachchild
variable

���

canbederivedfrom thefunctionsin theoutput-
bucketby

G1J

�

�

\

798

�

O

6 �

�

Y

�

J

�

�

�

798

�

O

�
	

�

�

�

Y

�

J

�

�

�

798

�

O

(1)

where Q

"

are both the original and new functionsin the
bucketof

���

.

EXAMPLE 4 In our example, theparentsof � are , and
�

,
the parentsof , are

�

and
�

, the parentsof
�

is
�

and
�

is a root node(seeFigure 4). TheCPTsare givenby the
following table:

G1J

8

\

a �Xd

O (d, b, a)
G1J

a

\

c �Xd

O (c, d, b)
G1J

c

\

d

O (d, c)

1/2 (1,1,2) 1 (1,1or 2,2) 2/5 (1,2)

1/2 (1,1,3) 1 (2,1or 2,1) 2/5 (2,1)

1/2 (2,2,1) 2/3 (3,1,1) 3/5 (1,3)

1/2 (2,2,3) 1/3 (3,1,2) 3/5 (2,3)

1 (1,2,3) 1/3 (3,2,1)

1 (2,1,3) 2/3 (3,2,2)

Theconversion processis summarizedin Figure 4.We can
show

THEOREM 3 Givena constraintnetworkC andanordering
;

of its variables,theBeliefnetwork ,

J �

� d

O (de�nedby Eq.
1), expressestheuniformdistribution

/�D

�EC ! .

Given a belief network that expressesthe desireddistri-
bution we cannow usewell known samplingalgorithmsto
samplesolutionsfrom thebelief network. In particular, the
simplestsuchalgorithm that works well when thereis no
evidence,is Logic sampling(Henrion1986).Thealgorithm
samplesvaluesof thevariablesalongthetopologicalorder-
ing of thenetwork'sdirectedgraph.Givenanassignmentto
the �rst �NP�� � ! variablesit assignsa valueto

�4�

usingthe
probabilitydistribution

/

�

�4��2 3

�

�

! , astheparentsof
�4�

are
alreadyassigned.We canshow that

Proposition1 Given a constraint network C . Algorithm
solution-samplingapplied to the output-buckets of elim-
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Figure4: Theconversionprocess

countalong
;

, is identical to logic samplingon the belief
network ,

J �

� d

O . O

Mini-b ucket Approximation for Sampling
Themaindrawbackof bucketeliminationalgorithmsis that,
unlessthe problem's induced-widthis bounded,they are
time andspaceexponential.Mini-Bucket Elimination is an
approximationdesignedto reducethespaceandtime prob-
lem of full bucket elimination (Dechter& Rish 1997) by
partitioninglarge bucketsinto smallersubsetscalledmini-
buckets, which are processedindependently. Here is the
rationale. Let '

�

�	� � � �

'

"

be the functions in (*),+

V

M��X7 and
let �

�

�	� � � �

�

"

be thescopesof thosefunctions. Whenelim-
count processes(*),+

V

M��X7 , it computesthe function Q

7

�

c

�

0

5

"

� 6

�

Q

�

. Thescopeof Q

7 is - 7 �/.

"

� 6

�

�

�

�

�

�

7�� .
The Mini-Bucket algorithm, on the other hand, createsa
partitioning 021 �

�

0

�

�	� � � �

0

h

� wherethe mini-bucket 043

containsthe functions
�

Q53

R

�	� � � �

Q63

[

� . We can rewrite the
expressionfor Q

7 as follows: Q

7

�dc
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h
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5

3
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Q63

�

.
Now, if we migrate the summationinside the multiplica-
tion we will get a new function 7

7 de�ned by: 7

7

�

5

h

3

6

�

c

�

0

5

3

�

Q63

�

. It is not hardto seethat 7

7 is anupper
boundon Q

7 : Q
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7

7 . Thus, the approximationalgo-
rithm canprocesseachmini-bucketseparately(by usingthe
summationandproductoperators),thereforecomputing7

7

ratherthan Q

7 .
A tighterupper-boundfor Q

7 canbeobtainedby bound-
ing all the mini-buckets but one, by a maximization in-
stead of summation,namely, Q

7:8

�
c

�

0
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3

R

Q63

R

!5L

�

5

h

3

6 [<;>=@?

�

0
5

3

�

Q63

�

! . Alternatively, we can minimize
over themini-bucket's variables,exceptonemini-bucket to
yield a lower bound(replacingmaxby min), or applyaver-
aging,yieldinga mean-valueapproximation.

Thequalityof theapproximationdependsonthedegreeof
partitioninginto mini-buckets.Givena boundingparameter
i, the algorithmcreatesan i-partitioning,whereeachmini-
bucket includesno more than i variables2. The choiceof

2We assumethat i is at leastas large as the sizeof scopesof



Algorithm MBE-count(i)
Input: A constraintnetwork

� � �����
	��Z���

anordering� ; pa-
rameteri
Output: A boundon(upper, lower or approximatevalue)of the
countfunctioncomputedby elim-count.A boundonthenumber
of solutions
1. Initialize: Partition the functions in
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is max,min or
mean).Add  

	 to thebucket of thelargest-index variablein its
scope.
4. Return theorderedsetof augmentedbucketsandnumberof
solutions.

Figure5: Algorithm, MBE-count(i)

P -partitioningaffectsthe accuracy of the mini-bucket algo-
rithm. Algorithm MBE-count(i)describedin Figure5, is pa-
rameterizedby this i-bound.Thealgorithmoutputsnotonly
a boundon the numberof solutionsbut alsothe collection
of augmentedbuckets. It canbeshown ((Dechter& Rish
1997)),

THEOREM 4 Algorithm MBE-count(i)generatesan upper
(lower)boundonthenumberof solutionsandits complexity
is time K � �+L8M9%

3

�NP ! ! andspaceK � � L8M9%

3

�NP � � ! ! , where �

is thenumberof functions. O

EXAMPLE 5 Consideringour exampleandassumingP �

)

,
processingthe bucket of � we have to partition the two
functionsinto two separatemini-buckets,yielding two new
unary functions: Q b �., ! � c

b

� ���

�

, ! , QHb �

�

! �

;>=@?
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� ���

���

! placedin bucket , and bucket
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, respec-
tively (only one, arbitrary, mini-bucket shouldbeprocessed
by summation). Alternatively, we get Q b �
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we processby min operator, Q

b
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. Finally we compute, whenprocess-
ing bucket

�

, an upperboundon the numberof solutions
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! . Theoutputbucketsaregiven
by thetablebelow
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Theactual Q functionsusingthemaxoperator are:
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We seethat theboundis quitegood.Notethat hadwepro-
cessedbothmini-bucketbysummationwewouldgetabound
of 24on thenumberof total solutions,0 solutionsusingmin
and8 solutionsusingthemeanoperator.

Givena setof outputbucketsgeneratedby MBE-count(i)
we canapplyalgorithmsolution-samplingasbefore.There
are, however, a few subtletieshere. First we shouldnote
that the samplegenerationprocessis no longer backtrack-
free.Many of thesamplescangetinto a”dead-end”because
thegeneratednetwork is not backtrack-free.Consequently,
thecomplexity of solution-samplingalgorithmis no longer
output linear. The lower the i-bound, the larger the time
overheadpersample.

Canweinterpretthesamplingalgorithmassamplingover
somebelief network? If we mimic thetransformationalgo-
rithm usedin the exact case,we will generatean irregular
belief network. The belief network generatedis irregular
in that it is not backtrack-free,while by de�nition, all be-
lief networksarebacktrack-free,becauseregularCPTsmust
sumto 1.

An irregular belief network includesan irregular CPT
/

�

����2 3

�

�

! , wheretherecouldbeanassignmentto thepar-
ents

3

�

�

suchthat
/

�&%

� 2

��798
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! � � for everyvalue %

�

or
���

.
An irregularbelief network representtheprobabilitydistri-
bution
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! �! -L
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�
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�

/

�&%

��2

%*798

�

! where  is a
normalizingconstant. It is possibleto show that the sam-
pling algorithm that follows MBE-count(i) is identical to
logic samplingover suchan irregular network createdby
the transformationappliedto the outputbucketsgenerated
by MBE-count(i).

EXAMPLE 6 Thebeliefnetworkthat will correspondto the
mini-bucket approximationstill has

���

, as the parentsof
� ,

�

is the parent of , and
�

is the parent of
�

. The
probability functionsthat canbegeneratedfor our example
are givenbelow. For this example, samplingis backtrack-
free. For variable � , after normalization,weget thesame
functionas theexactone(seeExample4). TheCPTfor , ,

�

and
�

are:
G1J

a

\

c

O (c,b)
G1J

c

\

d

O (d,c)
G1J

d

O (d)

1 (1,2)or (2,2) 1/3 (1,2)or (2,1) 1/2 (1)
1/2 (3,1)or (3,2) 2/3 (1,3)or (2,3) 1/2 (2)

It is interestingto notethat if we apply the samplingal-
gorithmto the initial barebuckets,which canbe perceived
to be generatedby MBE-count(0),we just get the naive-
approachwe introducedat theoutset.

Empirical evaluation
Weprovidepreliminaryempiricalevaluation,demonstrating
the anytime behavior of the mini-bucket schemefor sam-
pling. We usedas benchmarkrandomlygeneratedbinary
CSPsgeneratedaccordingto thewell-knownfour-parameter
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Figure6: Theconversionprocess

model( Q

�������A���

) where Q is thenumberof variables,
�

is thenumberof values,
�

is thetightness(numberof disal-
lowed tuples)and

�

is the numberof constraints.We also
testedthespecialstructureof squaregrid networks.
Measures. We assumethat the accuracy of the distribu-
tion obtainedfor the �rst variable is representative of the
accuracy of the whole distribution. We thereforecompare
theapproximateddistribution associatedwith the �rst vari-
ablein theordering(the probabilityof the �rst nodein the
ordering)computedby MBE-count(i) againstits exact dis-
tribution, usingseveral error measures.The primary mea-
sure is the KL distancewhich is commonfor comparing
thedistancebetweentwo probabilities(Chow & Liu 1968).
Let

/

�&% ! be a probability distribution and
/

8 �&% ! its ap-
proximation. The KL-distanceof

/

and
/

8 is de�ned as
���
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8�! � � if f
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�
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8 . Wealso
computetheabsoluteerror3 andtherelative error4. Finally,
for comparisonwe alsocomputethe KL distancebetween
theexactdistributionandtheuniform,

����D

of the�rst vari-
able.
Benchmarks and results. We experimentedwith random
problemshaving 40and50variableswith domainsof 5 val-
uesand8x8 grids with domainsof 5 values. All problems
areconsistent.Wehadto staywith relativelysmallproblems
in orderto apply theexactalgorithm. Theresultswith ran-
domCSPsaregivenin Tables1 and2, andresultswith 8x8
gridsaregivenin Table3. In the�rst columnwehave tight-
nessT, in the secondcolumnthe KL-distancebetweenthe
exact distribution and uniform distribution (

����D

), and in
theremainingcolumnsvariousvaluesof the i-bound. First
wereporttheaveragetimeof MBE-count(i)perproblemfor
eachi. The remainderof the table consistsof horizontal
blocks,correspondingto differentvaluesof T. In columns
correspondingto valuesof i-bound,wereport,for eachvalue
of i, KL-distancebetweentheexactprobabilityandMBE(i)
probability (

��� �

), absoluteerror and relative error, aver-
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4

E��
� , �

E�� , �

E��
� . ��� =10.8. ��� instances.
� =4 � =5 � =6 � =7 � =8 � =9 � =10

time 0.05 0.09 0.33 1.3 5.2 20 86

�! 

H

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

T abs-e abs-e abs-e abs-e abs-e abs-e abs-e
rel-e rel-e rel-e rel-e rel-e rel-e rel-e

0.398 0.223 0.184 0.144 0.086 0.091 0.063 0.020
8 0.106 0.095 0.081 0.058 0.058 0.045 0.026

1.56 1.13 0.86 0.65 0.64 0.48 0.21
0.557 0.255 0.323 0.303 0.132 0.109 0.082 0.085

9 0.110 0.125 0.112 0.074 0.064 0.053 0.045
37 28 23 5.16 1.76 0.99 0.61

0.819 0.643 0.480 0.460 0.340 0.295 0.401 0.228
10 0.164 0.124 0.123 0.108 0.105 0.098 0.064

28 7.51 9.41 5.41 4.31 2.69 0.81
1.237 0.825 0.803 1.063 0.880 0.249 0.276 0.193

11 0.203 0.184 0.209 0.166 0.088 0.098 0.068
1.33 1.65 2.71 1.15 0.88 1.24 0.33

Table1: Accuracy andtimeonRandomCSPs.

4

E���� , �

E�� , �

E+����� . ��� =12.7. ��� instances.
� =6 � =7 � =8 � =9 � =10 � =11

time 0.44 1.64 6.60 29 125 504

�! 

H

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

T abs-e abs-e abs-e abs-e abs-e abs-e
rel-e rel-e rel-e rel-e rel-e rel-e

1.044 0.372 0.599 0.442 0.631 0.295 0.278
10 0.127 0.147 0.135 0.100 0.098 0.041

52 120 81 79 8.12 0.91
0.923 0.502 0.285 0.137 0.215 0.214 0.464

10.5 0.150 0.109 0.069 0.073 0.079 0.143
1.97 1.93 0.44 1.60 1.28 3.73

1.246 0.781 0.851 0.550 0.490 1.670 -
11 0.208 0.186 0.156 0.134 0.177 -

116 81 44 91 100 -
1.344 0.577 0.660 0.333 0.231 0.088 -

11.5 0.160 0.180 0.180 0.061 0.042 -
5.69 3.40 3.02 2.70 0.94 -

Table2: Accuracy andtime onRandomCSP.

agedoverall probleminstances.
The�rst thing to observe from thetablesis thateventhe

weakest(but mostef�cient) level of approximationis supe-
rior to the naive uniform distribution, sometimessubstan-
tially. We alsoseefrom Table1 thatasi increases,therun-
ningtimeof MBE(i) increases,asexpected.Lookingateach
horizontalblock, correspondingto a speci�c valueof T, we
seethat asi increases,the KL-distanceaswell asabsolute
andrelative errordecrease.For largevaluesof i,

�����

is as
muchasanorderof magnitudesmallerthan

����D

, indicat-
ing the quality of the probability distribution computedby
MBE-count(i).We seesimilar resultsfrom Table2.

Conclusion
The paperintroducesthe task of generatingrandom,uni-
formly distributedsolutionsfor constraintsatisfactionprob-
lems.Theorigin of thistaskis theuseof CSPbasedmethods
for therandomtestprogramgeneration.

Thealgorithmsarebasedon exactandapproximatevari-
ableeliminationalgorithmsfor countingthenumberof so-
lutions, that canbe viewed astransformationof constraint
networksinto belief networks.

The result is a spectrumof parameterizedanytime algo-
rithms controlledby an i-bound that, startswith the naive
approachon oneendandthe exact approachon the other.
As i increases,we are likely to have more accuratesam-



8x8grid, �

E�� . ��� =10. �
� instances.
� =4 � =5 � =6 � =7 � =8 � =9 � =10

time 0.01 0.04 0.12 0.56 1.8 5.7 16

�! 

H

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

�! 

�

T abs-e abs-e abs-e abs-e abs-e abs-e abs-e
rel-e rel-e rel-e rel-e rel-e rel-e rel-e

0.013 0.001 3e-4 2.3e-5 2.2e-5 1e-6 0 0
5 0.016 0.008 0.002 0.002 3.3e-4 4.6e-5 1e-6

0.091 0.044 0.012 0.010 0.002 2.7e-4 4e-6
0.022 0.002 7.2e-4 1.1e-4 1.2e-4 7e-6 0 0

7 0.021 0.012 0.005 0.005 0.001 2.1e-5 4e-6
0.133 0.076 0.026 0.025 0.006 0.001 3e-5

0.049 0.009 0.002 4.1e-4 2.8e-4 3.8e-5 5e-6 0
9 0.045 0.022 0.009 0.007 0.003 0.001 6e-5

0.440 0.215 0.069 0.056 0.020 0.006 5e-4
0.073 0.020 0.005 0.003 0.002 6.8e-4 9.4e-5 1e-6

11 0.060 0.031 0.021 0.017 0.009 0.003 3e-4
1.63 0.342 0.265 0.223 0.118 0.039 0.003

Table3: Accuracy andtime on8x8 grid CSPs.

plesthattakeslessoverheadto generateduringthesampling
phase. Our preliminary evaluationsshow that the scheme
providessubstantialimprovementsover thenaive approach
even when using its weakest version. More importantly,
it demonstratethe anytime behavior of the algorithmsasa
functionof thei-bound.Furtherexperimentsclearlyshould
beconductedon therealapplicationof testprogramgener-
ation. In the futurewe still needto testthesamplingcom-
plexity of theapproximationandits accuracy onthefull dis-
tribution.

Our approachis superiorto ordinaryOBDD-basedalgo-
rithmswhich areboundedexponentiallyby thepath-width,
a parameterthat is always larger than the induced-width.
However, anothervariantsof BDDs, known as tree-BDDs
(McMillan 1994)extendsOBDDsto treesthatarealsotime
andspaceexponentiallyboundedin theinduced-width(also
known astree-width).As farasweknow all BDD-basedal-
gorithmsfor randomsolutiongeneration,useordinaryOB-
DDs ratherthantree-BDDS.

Themainvirtue of our approachhowever is in presenting
an anytime approximationschemewhich is so far unavail-
ableundertheBDD framework.
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